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Abstract. A new approach of modeling for devel oping spatio-temporal patterns by using
a probabilistic cellular automaton is proposed. The devel oping spatio-temporal patterns
istoo complicated to describeit by asmall number of parameters. In our model, two states,
i.e. black and white, are used to represent the state of cells. Therefore, the spatio-temporal
pattern istreated as the developing black and white patterns. Our model has three model
parameters that characterize the nearest neighbor interaction. These model parameters
can detect the change of mechanism that generate patterns, which is one of the strong
points of our model for monitoring the change of mechanism. Artificial black and white
patterns are generated for a given parameters, and then the optimal parameters of the
probabilistic cellular automaton model are sought. Optimization of the parameters is
carried out by using two genetic algorithms: classical oneand more sophisticated one. The
convergence of the model parameters by two genetic algorithmsis discussed. Thefitness
between the model and the observation is measured based on the Kullback-Leibler
information.

1. Introduction

Pattern formation is one of the most interesting topicsin nonlinear science. There are
various patterns that are observed in nature (MANDELBROT, 1982; FEDER, 1988; VICSEK,
1989). However, to characterize the patterns is usually very difficult since ailmost all
patternsin natureare very complicated. Furthermore, evenfor astatic patternsitisnot easy
to characterize quantitatively, but some patterns dynamically change.

To characterize dynamically developing patterns, i.e. spatio-temporal patterns, isan
exciting topic in various fields. Spatio-temporal patternsinclude too much information to
characterize. Therefore, we focus on a black and white pattern. Black and white patterns
are not special patterns. A lot of black and white patterns, e.g. mineral dendrite, are
observed in nature (FEDER, 1988). In general, spatio-temporal patterns can be treated as
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developing black and white pattern by carrying out the coarse-graining operation in time-
space dimensions (HIRATA et al., 2000a). For examples, a complex spatio-temporal
seismic activity patterns are treated as developing black and white patterns (HIRATA and
IMOTO, 1997; POSADAS et al., 2000).

Developing black and white patternsisstill complicated to describe by asmall number
of parameters. A cellular automatonisoneof thetoolsof modeling for complex phenomena
(FARMER et al., 1984; TorFoLlI and MARGOLUS, 1987; ADAMATZKY, 1994). From the
viewpoint of theinteraction, wetry to characterize devel oping black and white patterns by
the nearest neighbor interaction that are described by a small number of parameters
(HIRATA et al., 2000a). In our approach, spatio-temporal patterns are reproduced by a
probabilistic cellular automaton in which the nearest neighbor interaction are described by
automaton rules. Our approach that describe the interaction has a merit that we get an
information about the mechanism of pattern formation simultaneously.

2. A Probabilistic Cellular Automaton Model

Let us consider a probabilistic cellular automaton model in which the developing
black and white patterns are described by only the nearest neighbor interaction. The spatio-
temporal patterns are discretized in time, space and state dimensions. A square lattice is
used as two-dimensional space, and the time step t,, isintroduced by discretization in time

space. The state of the cell (i, j) at thetimestep t,,,, s{"j*l , isdetermined by the state of the

cell, stﬁj , anditsnearest neighbor cells, Sf;lyjﬂ, at thetimestept,. Here, thestateof thecells
haveonly 2 available states (black and white), whichisadiscretization in states. The states
of black and white are assigned 1 and O, respectively. Asamodel dynamics, the evolution
of the cell is described by the transition probability. Therefore, we obtain the following
transition probability,

Prob(s'y* =1) = £(5. 53, 1)

Prob(sat?j*l = 0) =1- f(S{”j ,Sith j 11)-

Here, Prob( stﬁj+1 =1) isthe probability that the state of the cell (i, j) will bel at t,,,;. Asthe
value of the state, O or 1, is not essential, we can assign —1 or 1 to the states like as Ising
model. Our model isapplicableto the complicated spatio-temporal patterns, such as spatio-
temporal seismic activity patterns. Asfor application of the model to the seismic activity
patterns, we may use that state of cellsisactive (1: black) or inactive (0: white) (HIRATA
and IMOTO, 1997; POSADAS et al., 2000).

A probabilistic cellular automaton model for devel oping black and white patternsis
shown in Fig. 1. The model has three parameters (p;, p,, P3) that characterize the nearest
neighbor interaction. In this model, only nearest neighbor interaction is considered so that
thesmall template shownin Fig. 1isused. L et us consider the meaning of the model shown
in Fig. 1. In case of its four nearest neighbor cells being the states of 0 (white), the
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Fig. 1. A probabilistic cellular automaton model.

probability of the cell with the state of 1 (black) at time step t,, being the state of 1 at t,,
is p;. The cells with the state of 1 increases the probability of the nearest neighbor cell
becoming the state of 1 by p,. In the case of p, > 0, the effect is activation and in the case
of p, <0, the effect isinhibition. The transition probability (in other word, the conditional
probability) of the cell isafunction of the cell and its nearest neighbor cells' states. When
the number of nearest neighbor cells with the state of 1 is 4, 3, 2, or 1, the transition
probability of the cell becoming black cell isincreased by 4p,, 3p,, 2p,, or p,, respectively.
If the cell’s state is white, p; is used instead of p,. Therefore, we can rewrite Eq. (1), and

obtain the transition probability as a function of n and qtfj ,

Prob(s{"j+1 :1) = f(st?j,n) = f(st,”j ) (2)

Here, n isthe number of nearest neighbor cells of which states are 1 (: black) at the time
step t,,. For simplicity, we will use the notation of S"“J- that represent the state of the (i, j)

and number of its neighbor cellswith state of 1. ( St]"j =( a""j , N)). In our model, the number
of black nearest neighbor cells, n, is considered like as Ising model.

The meaning of parameters are summarized following:

Themeaning of p;: If p; islarge value, the probability that the cell of the state 1 at
t, will bein the state of 1 at t,, is high. The value of p, is non-negative (0 < p; < 1).

The meaning of p,: The parameter p, describes the nearest neighbor interaction.
In case of p, > 0, the effect of the interaction is excitation. In case of p, < 0, the effect of
the interaction is suppression.
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Fig. 2. Tenavailablestateson thetemplatethat consist of the center cell and nearest neighbor cellsand transition
probabilities ( f( §7)).

Themeaning of p;: The meaning of p; isthe background activity when the cell isin
thestateof Oatt, (0< p;<1).

Ten available state of S,t are shown in Fig. 2. By using S[ instead of s1 T 51+LJ+1,

the number of states conS|dered are reduced from 2° = 32 (black and white pattern on the
small templ ate) to 10 (HIRATA et al., 2000b). According to therules, transition probability
Prob( sp*l =1) isgiven by the function of S[ The transition probability is shown at the
bottom of the template in Fig. 2. There is a possibility that the transition probability
calculated by therule shownin Fig. 2 islarger than 1 for some parameter set of (py, Py, P3)-

In such a case, the transition probability is assigned to 1.

3. Optimization of the Model by Genetic Algorithm

Our probabilistic cellular automaton model where nearest neighbor interaction is
described by the parameter (p,, p,, P3) can reproduce various patterns, e.g. random pattern,
clustering pattern. Clustering patterns are often observed in nature (e.g., HIRATA and
IMOTO, 1991) and attract scientists’ attention (BAK et al., 1987). The black and white
pattern of 1sing model at the critical temperatureisone of the examplesof clustering. Inthis
case, p, will be positive value. The random black and white patterns are easily reproduced
by the parameter set (p, = 0) that means no interaction.

One of the most important part in the model is to find out the best fit parameter for
given observational patterns. In this paper, we generate the artificial observational black
and white patterns by using the parameter set (p;,, P2ar P3a)- After that, we try to find out
the best fit parameter set for artificial patterns by using the genetic algorithms.

3.1. Artificial black and white patterns
First, we produce the devel oping black and white patterns by Monte Carlo simulation
at the given parameter set (Py,, P2 P3a)- IN thisstudy, we used the parameter set of (P14, Poas
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Evolution of black and white patterns

Time

Fig. 3 An example of developing black and white patterns that generated by Monte Carlo simulations.

Ps) = (0.35, 0.15, 0.02) for Monte Carlo simulation. Then, we will seek the best model
parameters by analyzing the patterns generated by the simulation.

Figure 3 is the developing black and white patterns obtained by Monte Carlo
simulation. A 40 x 40 cellsis used for generating an artificial developing black and white
patterns. At the Monte Carlo simulation, one of the 40 x 40 cellsis chosen at random and
the state of the chosen cell is up to date at the probability according to the Eqg. (2) (see Fig.
2).InFig. 3, the patterns are shown every one Monte Carlo step. (Asthe number of thecells
is 1600, the procedure in which one of the cells is randomly chosen and up to date is
repeated by 1600 times in one Monte Carlo step. This means that one Monte Carlo step is
equivalent to 1600 discretetimesteps.) The periodical boundary conditionsareusedinFig.
3. Asaninitial pattern, the random black and white pattern isused. To avoid theinfluence
of theinitial pattern, the evolving patterns after 1000 Monte Carlo steps are used, which
areshowninFig. 3. Since p,, = 0.15 ispositive, clustering patterns are observed in Fig. 3.

3.2. Genetic algorithms
Two kinds of genetic algorithms are used for finding out the optimal parameter sets.
e Classical genetic algorithm.
»  Sophisticated genetic algorithm (crossover, elite strategy are added to classical
one).
At first, we will describe algorithm of classical one. The procedure is following:

(1) Random 10 genes (parameter sets of (py, Py, P3): P1, P2, P3 @rerandom values) are
generated as initial values.
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(2) Mutations: The gene with the parameter of (p;, p,, p3) iSchanged to one with the
parameter of (p; + opy, P, + Op,, P3 + dps). Here, dp,, p,, Op; are small random values.

(3) Measurement of fitness of the genes: The fitness between model parameters and
observational patterns are measured by Kullback-Leibler information.

(4) Natural selection: If the new gene by mutations gets better value than previous
gene, the evolution occurs. Otherwise, the previous gene is used again (no evolution).

We cal culate the procedure of (2)—(4) repeatedly. During these procedures, the genes
will evolveto onethat isthe best fit for the environment (best fit for the observational data
set).

In general, there is a bare possibility that the selected genes will fall into the local
minimum state in optimization by using the genetic algorithm. However, this problem is
avoidable by using anumber of genes. Therefore, at | east the best genewill not fall into the
local minimum state if a number of genes, e.g. 10 genes in this study, are used.

The most important part in the above mentioned procedure is how to measure the
fitness between the model and the observational pattern. The fitness of the model for the
observational data can be measured by Kullback-Leibler information (SAKAMOTO et al.,
1986). The measurement of fitness by Kullback-Leibler information is based on the
maximum log likelihood. In this study, therefore, the fitness is measured by Kullback-
Leibler information. Kullback-Leibler information | is given by

I(ma)=Y R |09§- 3

Here, P; is true distribution (that is approximated by observational data), Q; is the
distribution obtained by the model, and 3 means summing up. The negative of Kullback-
Leibler information, —I(p; q), is called the entropy. In this study, P;, Q, are probability
distributions.

7 isthe future state of the (i, j) cell at thetime step t,,,;. S} is the state of the (i,
j) cell anditsnearest neighbor cellsat thetimestept,: Thereare 10 available states. P( stﬁj*l ,
S[’nj) isajoint probability distribution. P g/ st,"j“ ) S[’"J-) isajoint probability distribution
calculated by the parameters of the model. Kullback-Leibler information is rewritten,

=3 el st U5

4
modeISIJvSJ ()

The P(s*, §7) and (s | §7) isrelated by the following multiplicative law,

sy, shy) = Plse s Je(sh ) ©
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Here, P(s* | §7}) isaconditional probability distribution, and P( ') isprobability of S
at t,. Substituting Eq. (5) into Eq. (4), Kullback-Leibler information is given by

oo Plsils )P(ss)
(i) = 3 Py, 57 log Prvser (17757 P (S o
By using the following approximation P( s"nj) = Prodal( 3""1-), we obtain
fhe [gln
I(pia) = 3 P(si7, 81} )log P(S'J St") (7)

n+l

t
model S,]

s

P(s7*, §7), P(s%* | S7) are obtained by counting the histogram of the observational
data. Note that the Kullback-L eibler information, I(p; g), given by Eq. (7) may belessthan
0in some cases dueto approximation P( §7) = Pyeqq( S7), although the original Kullback-
Leibler information defined by Eq. (3) should be larger than 0.

When (p;, p, p3) is given, we can calculate P4q(S7 | S7) according

Pmoder(S7* | §7) = f(S7) shown in Fig. 2. The above described Kullback-Leibler
information is used in natural selection. The optimum model parameters are those that
minimize the value of Kullback-Leibler information.

The optimization is carried out by 10000 mutations. The evolution of one of 10 genes
with parameters (p4, p,, Ps) and Kullback-Leibler information, |, are shown in Fig. 4. The
initial values of ten genes are given by random number (0 < p;, p3<1,-0.2<p,<0.2). In
Fig. 4, theinformation, I, always decrease during evolution because the mutated gene can
survive when fitness is improved. After about 400 mutations, the parameters converged.
The evolution of 10 genes are shown in Fig. 5. After 500 mutations, all genes convergeto
the same values (p;, p,, p3) = (0.351, 0.143, 0.022) within the deviation of +£0.001.

The optimization of the parameter is carried out more sophisticated genetic algorithm.
The sophisticated genetic algorithm is following:

(1) Random 10 genes (parameter sets of (py, Py, P3): P1. P2, P3 @rerandom values) are
generated as initial values.

(2) Mutations: The gene with the parameter of (p,, p,, P3) iSchanged to one with the
parameter of (p; + op4, P, + 0Py, P3 + dPps). Here, dp,, Ip,, op; are small random values.

(3) Measurement of fitness of the genes: The fitness between model parameters and
observational patterns are measured by Kullback-Leibler information.

(4) Natural selection: If the new gene by mutations gets better value than previous
gene, the evolution occurs. Otherwise, the previous gene is used again (no evolution).

(5) Elitestrategy: The worst geneis exchanged by anew gene (p,°®, p,%®°, p,°est)
generated by crossover. Here, (p;”, p,”*, p;°*%) is the parameter set of the best gene and
(p,5ec0nd, p,second  p second) s the parameter set of the second best gene.
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Fig. 4. Evolutions of the parameters and Kullback-Leibler information.
Fig. 5. Evolutions of the parameters and Kullback-Leibler information for all genes.
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Fig. 6. Same as Fig. 4 for the best gene by the sophisticated genetic algorithm.
Fig. 7. Same as Fig. 4 for the worst gene by the sophisticated genetic algorithm.
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We calculate the procedure of (2)—(5) repeatedly. The difference of sophisticated
algorithm from classical oneisan introduction of an elite strategy and crossover. The elite
strategy is that the worst gene is replaced by the new gene generated by crossover.

The evolution of the parameters (p4, p,, p;) and Kullback-Leibler information by the
sophisticated genetic algorithm are shown in Fig. 6. In Fig. 6, the behavior of the best fit
geneisshown. Therate of convergence by sophisticated algorithm is much faster than one
by classical one. The behavior of worst gene is also shown in Fig. 7. Due to the elite
strategy, the convergenceis very quick. The parameters of the genes convergesto (p;, P,,
p3) = (0.350, 0.143, 0.023) that isalmost same val ue obtained by classical algorithm. After
about 200 mutations, the values of the parameters converged.

Theinformation flow from the past statesto the future states can be estimated by using

mutual information. Mutual information I(sm1 3[ ) is defined by

P tn+1,stn
(i51)= 5 e on, )

.3

Here, P(s1n+1) is the probability of a"ﬂ at th,q
We can rewrite it as

P stnj-l

(si8h) = 3 Pl o ,)'ogzip(f‘f) ©)

by using a multiplicative law. The mutual information give us the amount of information
transmission from the past to thefuture. Thevalue of the best model’ sentropy (the negative
Kullback-Leibler information —I (p; q)), must be less than the mutual information (SHAw,
1984). Therefore, we cannot improve the model in order that the model’ s entropy will be
beyond the mutual information. In our study, the mutual information is0.2585 bit, and the
maximum of the model’s entropy is 0.233 bit.

4. Discussion

The spatio-temporal black and white patterns are reproduced by the probabilistic
cellular automaton model from a given patterns. The model have three parameters (p,, p,,
p;) that characterize nearest neighbor interaction. By genetic algorithms, the optimization
of the parameterswere carried out. Both classical and sophisticated genetic algorithms can
get very good optimal parameters. Results of optimization arefollowing: Classical genetic
algorithm: (py, p2, P3) = (0.351, 0.143, 0.022) + 0.001; Sophisticated genetic algorithm: (p;,
P, P3) = (0.350, 0.143, 0.023). Although the same optimum parameters were obtained by
both algorithms, the convergence by sophisticated one is faster than classical one.
Efficiency of sophisticated genetic algorithm is shown in this study.
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Our model is applicableto the patternsin which the interaction changed dynamically.
In that case, the parameters will change corresponding to the change of dynamics that
generate the patterns. Therefore, in our model, by monitoring the change of parameterswe
can detect the anomal ous changes of patterns. For example, our model may be useful to
detect precursory change of the seismic activity patterns (HIRATA and IMOTO, 1997,
PosaDAS et al., 2000). Our model is easily extended to the more complicated one. In this
study, the states at time step t,, are used on the small template (Fig. 2). The time axis can
be extended to t,,_4, t,_,, ---. We can also extend the range of the cells. In the model, only
nearest neighbor cells are considered. To consider second nearest neighbor is another
extention. However, we must note that these extention is needed for more observational
data set in optimizing the parameters and alot of parametersto fit (HIRATA et al., 2000b).
Our simplemodel hasonly three model parametersso that we can easily monitor the change
of the patterns. Our model is not special model but a general model for spatio-temporal
patterns, which means the model can be applied to various phenomena.
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