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Abstract.  In this paper we present the basic data of the local pattern on the area of the size
of 3 × 3 × 3 voxels denoted as N333(x) on a three dimensional digital binary picture.
Topological features called the connectivity index are studied by calculating them for all
possible patterns. Main results are summarized as follows.

(1) List of all possible values of the connectivity index
(2) Examples of local patterns on N333(x) which take specific values of the

connectivity index.
(3) Numbers of different patterns on N333(x) for all possible values of the

connectivity index.
All arrangements of 0 and 1 on N333(x) (local patterns) were systematically generated

by computer, and feature values were calculated.

1.  Introduction

A three dimensional digital picture (3D picture) is a set of gray values stored on a 3D
array of cubic cells which are called voxels. It is conceptually a straight forward extension
of a 2D digital picture which is a set of gray values stored in a 2D array of square pixels
(Fig. 1).

3D pictures are now used in medical fields more and more, because of recent progress
in imaging. High quality of 3D images of the human body are taken relatively easily
nowadays and application to screening began to be studied.

Computer processing of 3D pictures has been studied actively in recent years,
especially in the fields of computer aided diagnosis (CAD) of pictures and computer aided
surgery (CAS) in medicine (TORIWAKI and MORI, 1999; TORIWAKI, 2002b). Many
algorithms of picture analysis and recognition have also been developed (KONG and
ROSENFELD, 1989; NIKOLARIDIS, 2001; TORIWAKI, 2002a). However, they are not so
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advanced, being compared with those of 2D pictures (ROSENFELD and KAK, 1982;
TORIWAKI, 1988; WATT and POLICARPO, 1998).

One important basic issue in 3D image analysis is the geometry of 3D pictures.
Geometrical properties of 3D digital pictures are extremely different from 2D pictures. For
example, existence of handles (holes), linkage of two loops, and knot of a line figure are
phenomena which are not seen in 2D figures (TORIWAKI, 2002a).

The field of study on the geometrical property of digital pictures is called discrete
geometry or digital geometry (KONG and ROSCOE, 1985, KONG and ROSENFELD, 1989;
KLETTE et al., 1998; HERMAN, 1998; BERTRAND et al., 2001; TORIWAKI, 2002a, TORIWAKI

and YONEKURA, 2002; BRAQUELAIRE et al., 2002). In spite of recent increase in the interest
to this field, many important problems still remain unsolved. One of them is basic
properties of local patterns. Even for the minimum local area of 3 × 3 × 3 voxels, properties
of all possible patterns have not been completely revealed.

From the viewpoint of algorithms one important class of picture processing algorithms
is a local operation based on a 3 × 3 × 3 neighborhood. They are designed by considering
possible 3 × 3 × 3 patterns carefully. In this article we present basic properties of local
patterns on the 3 × 3 × 3 local area by investigating all possible arrangements of 0’s and 1’s
exhaustively. We calculate four indexes of the topological features for all of 3 × 3 × 3
patterns. We show numbers of different local patterns for each values of features. Four
features above are called the connectivity index, the hole index, the cavity index, and the
connectivity number (the last one is derived from the others) and are explained in detail in
authors previous review article (TORIWAKI and YONEKURA, 2002). These results will be
useful for designing algorithms of the image analysis such as thinning and shrinking
(YONEKURA et al., 1980c; SAITO and TORIWAKI, 1996), and other topology-preserving
transformations.

2.  Basic Definitions

A 3D picture (three dimensional digital picture) is formally defined as a mapping

I × I × I → R,

where I is the set of all integers, and R is the set of all real numbers.
In particular, the picture defined as I × I × I → {0, 1} is called a (3D) binary picture.

A binary picture represents a digitized picture consisting of a cubic element (called the
voxel) whose density values are 0 or 1. A voxel which has a value 0 and 1 is called the 0-
voxel and 1-voxel, respectively.

[Definition 1] (neighborhood) For an arbitrary voxel x, sets of the following voxels are
called the 6-neighborhood, the 18-neighborhood, and the 26-neighborhood of x, and
denoted by N[m](x), where m = 6, 18, 26, respectively (Fig. 2).

Intuitively, they can be described as follows.
6-neighborhood = Set of voxels which share one surface with x.
18-neighborhood = Set of voxels which share at least one edge with x.
26-neighborhood = Set of voxels which share at least one vertex with x.
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Fig. 2.  Three kinds of neighborhood. The 18′-connectivity is topologically the same as the 6-connectivity except
for only one specific arrangement shown in d). This arrangement of 0- and 1-voxels is regarded as a loop
in the 6-connectivity case (d1), and is treated as a surface in the 18′-connectivity case (d2). Therefore the
18′-neighborhood is not considered.

A 1-voxel in the m-neighborhood of the 1-voxel x is said to be m-adjacent to x (or m-
connected to x). Those relations between 0-voxels are also defined in the same way.

[Definition 2] (connectivity) For two voxels x1 and x2 of the same value, if the sequence
of voxels

y0 (=x1), y1, y2, ..., yn (=x2),

exists, such that

yi ∈  N[m] (yi–1),

m = 6, 18, 18′ , and 26 (1 � i � n) and density values are the same as x, then voxels x1 and
x2 are said to be m-connected each other.

Connectivity is an equivalence relation among voxels. Each equivalence class of
voxels is called a connected component. Connectivity for 1-voxels and that of 0-voxels are
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defined in the same way.
When we consider connected components of 1-voxels and those of 0-voxels

simultaneously, only specific pairs of connectivities as shown below are admissible so that
we may avoid the contradiction specific to digital pictures.

(connectivity of 1-voxels, that of 0-voxels) = (m, m′)
= (6, 26), (26, 6), (18, 18′), (18′ , 18). (1)

The 18′-connectivity here is almost the same as the 6-connectivity and introduced
specifically to keep consistency of the 18-connectivity. For details see (TORIWAKI, 2002a;
TORIWAKI and YONEKURA, 2002).

Let us denote the 3 × 3 × 3 neighborhood of a voxel x as N333(x), that is,

N333(x) = N[26](x) � x.

The neighborhood N333(x) is very important in practical picture processing, particularly in
the processing of binary picture. Large parts of processing algorithms used in practice are
based on N333(x). For example, many of linear spatial filters are defined by weight values
given on N333(x). Important operations for binary pictures such as thinning are designed
considering arrangement of 0’s and 1’s of an input picture on N333(x). Including them, a
class of operators such that the value of the output at each voxel x is determined only from
input values on N333(x) is called “local operation based on N333(x)” or simply “local
operation”.

A local operation is said to be “topology preserving”, if the topology of an input
picture does not change by its execution. In other words, an operator O for a digital picture
is topology preserving if, by its execution, none of the following occurs:

• generation and extinction of connected components,
• generation and extinction of holes (handles),
• generation and extinction of cavities.
Changing a 1-voxel x into a 0-voxel is called the deletion of the voxel x. If the deletion

of a voxel x does not change the topology of an input picture, the voxel x is said to be
deletable. The deletable 1-voxel may be often called a simple point. To examine whether
a given voxel x is deletable or not is called the deletability test (or simple point test).
Because of simplicity and effectiveness, the deletable test realizable by a local operation
is important (SAITO and TORIWAKI, 1995; TORIWAKI and MORI, 2001). Concrete forms of
equations (or local operations) to test deletability depend on the type of connectivity.
Authors showed such equations of the pseudo-Boolean type for all of four kinds of
connectivity (TORIWAKI and YONEKURA, 2002).

3. Connectivity Index

3.1.  The connectivity number and the connectivity index
We use in this paper local features defined below (TORIWAKI, 2002a; TORIWAKI and

YONEKURA, 2002).
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[Definition 3] (Connectivity number) The connectivity number Nc
[m](x) at a 1-voxel x for

the m-connectivity case (m-c. case) is defined as

N x E x E x +1,c
m m m[ ] [ ] [ ]( ) = ( ) − ( )

where E[m](x) and E[m]( x ) are the Euler numbers of the whole of a given binary picture
before and after the 1-voxel x is deleted, respectively.

Next we define a set of three local features called the connectivity index as follows.

[Definition 4] (Connectivity index) At each 1-voxel x and the 3 × 3 × 3 neighborhood
N333(x) centered at the voxel x, we define the following set of local features (R(m)(x),
H(m)(x), Y(m)(x)) and call it the connectivity index, where

(a) Component index R(m)(x) = the number of m-connected components which are
connected to x and exist in the 18-neighborhood for m = 6 and 18′  (in the 26-neighborhood
for m = 18 and 26).

(b) Hole index H(m)(x) = the number of holes which are newly generated by the
deletion of x, or equivalently the decrease in the number of m -connected components of
0-voxels in this local area caused by the deletion of x ( m  means the type of connectivity
determined from m by Eq. (1),

(c) Cavity index Y(m)(x) = the number of cavities which are newly generated by the
deletion of the voxel x.

3.2.  Properties of local features
Let us summarize here important properties of local features introduced above to show

the significance of them. Proofs and further detail are given in TORIWAKI (2002a),
TORIWAKI and YONEKURA (2002).

[Property 1] The connectivity number Nc
(m)(x) at a 1-voxel x is equal to the following value,

Nc
(m)(x) = (change in the number of connected components

– change in the number of holes + change in the number of cavities) + 1 (2)

caused in the whole picture by replacing the 1-voxel x by a 0-voxel (by deleting x).

[Property 2] The following relation holds among the connectivity number and the
connectivity index (R(m)(x), H(m)(x), Y(m)(x)) at a 1-voxel x.

Nc
(m)(x) = R(m)(x) – H(m)(x) + Y(m)(x) (3)

where m (m = 6, 18, 18′ , 26) denotes the type of connectivity.

[Property 3] Assume that density values of a 1-voxel x and its 26-neighborhood are given.
Then the 1-voxel x is deletable if and only if the connectivity index (R(m)(x), H(m)(x),
Y(m)(x)) = (1, 0, 0), m = 6, 18, 18′ , 26
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[Property 4] A 1-voxel x is deletable if and only if

Nc
(m)(x) = 1   and   R(m)(x) = 1,   m = 6, 18, 18′ , 26. (4)

All of these were referred from (TORIWAKI and YONEKURA, 2002). Derivation and
proofs of them are given there with the method of calculation. As was stated there, the
feature corresponding to the hole (or the handle) above does not exist in a 2D picture.
Therefore preservation of the Euler number exactly means the preservation of topology. In
the case of 3D pictures, however, the set of three features (R(m)(x), H(m)(x), Y(m)(x)), or the
pair of two features (Nc

(m)(x), R(m)(x)) is required for testing the deletability of a 1-voxel
x.

4.  Counting Local Patterns

Presently the most important use of these features is the deletability test. They are also
expected to be useful as shape features of 3D figures. However, detailed properties of these
features have not been studied. For instance, possible values of features have not been
reported except for a few original papers (YONEKURA et al., 1980b) and only one book in
Japanese (TORIWAKI, 2002a). It has not been reported which type of local arrangements of
1-voxels take which values of features. How many different patterns exist for a given set
of values of the connectivity index has not been published except one paper written in
Japanese (TORIWAKI et al., 1995).

In this paper we provide the following data on the values of the connectivity index:
(1) List of all possible values of the connectivity index.
(2) Examples of local patterns on N333(x) which take specific values of the connectivity

index.
(3) Numbers of different patterns on N333(x) for all possible values of the connectivity

index.
All feature values were calculated according to the methods given in YONEKURA et al.

(1980a, b). All arrangements of 0 and 1 on N333(x) (local patterns) were systematically
generated by computer, and transferred to the program to calculate feature values. Local
patterns which are symmetry to other patterns with respect to the points, lines and planes
in the 3 × 3 × 3 space were detected and excluded from the procedure of feature value
calculation.

Let us introduce parts of the detailed procedure briefly.
(1) Consider one of 3 × 3 × 3 local patterns and embed it in the center of a small 3D

picture of the size 5 × 5 × 5 voxels. All the background voxels are assumed to be 0. Let us
denote this picture as F for the convenience of explanation.

(2) Calculate the connectivity number Nc
(m) of F by counting simplexes or by

utilizing pseudo-Boolean equations as shown in TORIWAKI (2002a) and TORIWAKI and
YONEKURA (2002).

(3) Calculate the component index R(m) of F by counting the number of connected
components by the labeling algorithm.

(4) Calculate the cavity index Y(m) of F by simple pattern matching.
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(5) Obtain the value of the hole index H(m) of F from the connectivity number Nc
(m),

the component index R(m) and the cavity index Y(m) calculated above.
(6) Count the number of 3 × 3 × 3 patterns for each values of indexes (R(m), H(m), Y(m))

with iterating the procedure (2)~(5) for all possible 3 × 3 × 3 patterns. The values of B in
Table 2 are obtained by doing this procedure.

(7) The values of A in the same table are found by applying the above steps, but
excluding patterns which are symmetry to any other pattern.

(8) Table 1 is derived immediately by the above results.

5.  Results and Discussion

(1) On the local area of 3 × 3 × 3 voxels N333(x), the number of possible patterns of
0- and 1-voxels is 227 = 134,217,728. Without loss of generality we assume that the center
voxel of N333(x) is a 1-voxel. Still 226 = 6,710,864 patterns may exist. In the case of a 2D
picture, the 3 × 3 local area is the basic neighborhood, and 29 = 512 patterns may exist on
it.

Table 1.  Possible values of connectivity indexes.

Notations R, H, Y: component index, hole index, cavity index.
Nc: connectivity number.
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(2) Consider the symmetry relation on N333(x). Then 48 different types of symmetry
can be possible. All of them are given in TORIWAKI and YONEKURA (2002). By excluding
patterns which are symmetric to other patterns the number of all possible patterns is
reduced to be 2,852,288. This number was derived theoretically by SAKABE et al. (1981),
and was confirmed by exhaustive enumeration of all 227 patterns here.

(3) All possible values of the connectivity index are shown in Table 1. The same
result was already obtained in YONEKURA et al. (1980a, b) through the heuristic
considerations. These were also confirmed here by the exhaustive procedure.

(4) In Table 2, numbers of different patterns are shown for each of all possible values
of the connectivity index for all of four kinds of connectivity.

(5) Several examples of patterns on N333(x) are illustrated in Fig. 3 with their
connectivity indexes.

(6) For fixed values of the connectivity index, maximum numbers of patterns are
more than seven millions and more than one hundred and sixty thousands even for
excluding all symmetry cases. For example, 26,073,184 patterns exist for (R, H, Y) = (2,
0, 0) (6-c. case). Such numbers are far beyond the possibility of the heuristic design of local
operations. Because of the progress in computer technology, however, it is not difficult to
store more than a few megabytes of binary patterns in local memory nowadays. Therefore
execution of local pattern matching for 3 × 3 × 3 patterns will be possible enough, if we
could develop suitable operations.

(7) The number of patterns satisfying the delectability condition (that is, (R, H, Y)
= (1, 1, 0)) is 26,073,184 (26-c. case). This is also too large for finding better 3D thinning
algorithms by the heuristics of engineers or cut and try procedures. In the case of two
dimensional pictures, a thinning algorithm could be designed successfully by considering
less than 30 local patterns (TORIWAKI and YOKOI, 1985; TORIWAKI, 1988).

(8) There is only one case that the cavity index Y = 1 for each connectivity, and Y =
0 for other patterns. Concrete patterns for Y = 1 will be obvious.

Fig. 3.  Examples of local patterns with values of connectivity indexes. Numbers in parenthesis are (component
index, hole index, cavity index) at the voxel x which is located at the center of a 3 × 3 × 3 voxel array, or
at the voxel which is shaded in the figure.
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Table 2.  Numbers of possible local patterns classified according to values of connectivity indexes.
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Table 2.  (continued).
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Table 2.  (continued).
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Table 2.  (continued).
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Table 2.  (continued).
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Table 2.  (continued).

(9) Local patterns that the hole index (=H) is non-zero are usually complicated
patterns. There are 12 kinds of (R, H, Y) combinations for the 26 connectivity case, and 14
kinds for the 6 = connectivity case (Table 1). Such patterns will be detected by pattern
matching if we have a list of patterns four which H ≠ 0. Presently it will be difficult to find
such patterns except for exhaustive test of all 3 × 3 × 3 patterns like this paper.

6.  Conclusion

In this paper we enumerated all possible arrangements (which we call local patterns)
of 0 and 1 on the 3 × 3 × 3 local area of a 3D binary picture. We showed how many different
local patterns exist for each values of the connectivity indexes. The results will provide
most basic data for analyzing a 3D picture and developing algorithms of picture analysis.
For instance, we have an idea of how large memory is required to implement feature
detection procedures by local pattern matching. We counted the number of patterns
excluding symmetry patterns, but counting patterns for each values of connectivity indexes
excluding symmetry patterns remains unsolved for future study.
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Notations 6c etc.: 6 connectivity case etc.
R, H, Y: component index, hole index, cavity index.
No. of patterns A: Symmetry patterns excluded; B: Symmetry patterns included; A/B: Rate of A in percent.
No. of 1 voxels: Number of 1-voxels in the 3 × 3 × 3 local pattern.

Table 2.  (continued).
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