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From the view point of differential geometry, structure
lines or surfaces of 3-D images and skeleton lines of surfaces
are introduced in order to extract essential information. These
are defined by the differential equations which are composed of
geometrically invariant operators. Structural classification of
surfaces can be made by means of division skeleton lines which
bear convexity. This concept is based on an criterion intermedi-
ate between homeomorphism and motion transformation. Other prop-
erties of skeleton lines including global connectivity are also
discussed. It is concluded that a hierarchical representation of
3-D images with these features is useful to not only image or
surface recognition but also 3-D graphics techniques such as
curve or surface generation.

INTRODUCTION

Although visual function of a human is very powerful for 2-D
(two-dimensional) images, it is poor and hardly useful for 3-D
(three-dimensional) images. Therefore, we need to help a
computer to analyze a 3-D image pattern. There is a growing
literature (Rosenfeld:1985) on 3-D images which are obtained by
data collection technigues such as computed tomography and
scanning electro microscopy etc.

We have investigated feature extraction method of images or
surfaces by means of differential geometry, taking a 3-D image as
a smooth scalar function in a 3-D space (Enomoto et al.:1979,
Enomoto et al.:1982, Watanabe & Enomoto:1983).

OPERATIONS IN 3-D IMAGES

A 3-D image is generally considered to be a mapping g: R3->R
,where R is an Euclidian space. We deal with two kinds of 3-D
images. One is a density &(x3,x2,x3) in a 3-D space such as
image data collection of computed tomography, and the other is a
surface ¢ (xj,xp,x3)=const. or (x1,x3,x3)=P(uj,up) such as a
surface model used in the field of CAD.

An image processing in the ordinary sense of processing an
image to obtain another is taken as an operator 0:I1->I2, where
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Structural Features of 3-D Images

I7 and I, are subsets of a function space I of images.
An important class of such operators is geometrically invariant,
as described below.
[Definition 1] A geomerlcal operator is Og which satisfies
I2(x)=0g(I)(x))=I1(x") (1)
;where x ang>x are 3-D vectors satisfying x’=Rx+d for some
3x3 rotation matrix R and 3-D displacement vector d.
[Definition 2] For a geometrlcal operator Og, a geometrically
invariant operator 0i is defined by
0j 0g=0 (2)
There are many<ilnds of geomerlcally invariant operators. From
the view point of differential geometry, local operations includ-
ing differential operators such as gradient and Laplacian play an
important role to extract structural features of an image.

STRUCTURE LINES AND STRUCTURE SURFACES

We will extend structure lines (Enomoto & Katayama:1976) of
2-D images to 3-D version. For a 3-D image g(x1,x2,x3) which is
class C2, some of the 3-D structure lines and surfaces are
defined as follows.

[Definition 3] A characteristic line of g is a set of points
where gradg =0 or grad ¢ coincides with one of the principal
directions on the collection of surfaces g=const.

[Definition 4] An edge surface of g is a set of points where the
normal curvature for the direction of gradg is equal to zero.

[Definition 5] A division surface of g is a set of points where
the total curvature on the set of surfaces g=const. is equal
to zero.

Some structure lines and surfaces are illustrated in Fig.l. A
characteristic line connects every point where the density ¢
varies extremely or loosely on the surface g=const. An edge
surface is a set of points of inflection in other words. It
consists of some parts and some of them encloses extremal points
of 4. A division surface partitions ¢ into some parts including
at most one extremal point.

The following theorems give the equations of structure lines
and surfaces, and those in xyz-coordinate system are indicated in
APPENDIX.

[Theorem 1] A characteristic line is a set of points which
satisfies

H gradg = k gradg (3)
,where H is a Hessian of ¢ and k is a scalar.
[Theorem 2] An edge surface is a set of points which satisfies
tgradg H gradg = (4)
,where tv means an inverse vector of v.

[Theorem 3] A division surface is a set of points which

satisfies

tgradg, H grad¢ (5)
,where gra§¢ means a dlrectlon of principal curvature
perpendicular to gradg on the surface g =const.

SKELETON LINES OF SURFACES AND THEIR PROPERTIES
A surface in a 3-D space is considered to be a mapping
S:(uyp,up)->(x1,x2,%x3), where u; and up are two parameters of S.

Now, differentiability of S will be assumed in order to define
the following structural features of a surface.
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[Definition 6] A K-characteristic skeleton line is a set of
points where the total curvature is extremal along the line
of curvature.

[Definition 7] A P-characteristic skeleton line is a set of
points where the principal curvature is extremal along the
line of curvature.

[Definition 8] A division skeleton line is a set of points where

the total curvature is equal to zero along the line of
curvature.

3-D Image

A ]

Characteristic Line

N =\ | |

Division Surface

(a) Example 1. (b) Example 2.
Fig.l Examples of structure lines and surfaces.
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These lines are generically called skeleton lines, whose
equations are shown in APPENDIX. Fig.2 illustrates some examples
of skeleton lines.

It should be noticed that since there exists a pair of sets
of lines of curvature for a surface, each skeleton line is
defined in terms of both. Some interesting properties hold at
the intersection of the skeleton lines defined for the different
sets of lines of curvature. For example, the total curvature is
extremal at the intersection of K-characteristic skeleton lines,
and is equal to zero at the intersection of division skeleton
line, which is called a flat point. Especially, neighbourhood at
such an intersection has an important property as follows.
[Theorem 4] For the adjacent surface segments whose boundary is

a division skeleton line, one is hyperbolic and the other is
elliptic.

This theorem constrains the form of neighbourhood at the

intersection of division skeleton lines as illustrated in Fig.3.

The following theorems are concerned with connectivity of
skeleton lines.

[Theorem 5] For a closed surface, a K-characteristic skeleton
line is connected with itself except an isolated singular
point. And a similar fact holds for a P-characteristic
skeleton line.

[Theorem 6] For a closed surface, a division skeleton line is
connected with K- and P-characteristic skeleton lines.

(a)In case that the division skel-
eton lines of a different set
intersect.

(b)In case that the division skel-
eton lines of the same set inter-
sect.

Fig.3 Neighbourhood at the inter-
section of division skeleton lines.
+” and ‘-’ indicate convex and
concave elliptic surfaces, respec-
tively. And “*” means a hyperbolic
surface.

Division Skeleton Line

Fig.2 Skeleton lines.
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These theorems are proved by considering the variation of the
total curvature K or the principal curvature P along a closed K-
or P-characteristic skeleton line.

STRUCTURAL CLASSIFICATION OF SURFACES

It is known that closed surfaces are completely classified
by their orientabilities and Euler characteristic numbers as
shown in Tab.l (Wallace 1968). It should be noted that a visible
surface in the real world is homeomorphic to a sphere or a con-
catenation of n tori because they are orientable. The surfaces
which have the same number of holes fall into the same category.
This classification dose not reflect the structure of a surface
and is too rough to recognize a surface pattern. On the other
hand, the equivalence class in terms of motion transformation is
defined by the classification with respect to the first and
second fundamental quantities, which is too precise.

Hence, we propose a structural classification method, which
is intermediate between both.

[Definition 9] The two surfaces S; and S are isomorphic with
respect to the operator O, if there exists a continuous
mapping f:57->S), where 0(S7)=0(Sjy).

Especially, we will consider the operator h associated with
the second fundamental quantity H as follows.

1, det(H)>0
h(s)= { 0 , det(H)=0 (6)
-1 , det(H)<O0
The set of points where det(H)=0 is a division skeleton line
described above, which bears convexity. Therefore, it is found
that the two surfaces which are isomorphic with respect to the
operator h have the same structure in terms of convexity. It is
easy to determine isomorphic with respect to h by using
connecting structure of a division skeleton line and its
connectivity with a characteristic skeleton line. Because the
following theorem is proved, classification of surfaces whose
criterion is intermediate between homeomorphism and motion is

possible if we apply isomorphism with respect to h.

[Theorem 7] The class C2 surfaces S; and S, are homeomorphic if
they are isomorphic with respect to the operator h. And
they are isomorphic with respect to h if they are transformed
by motion each other.

It is found that the surfaces which are synthesized from a
division skeleton line to hold convexity are isomorphic with
respect to h. We can get a more precise classification by using
another operator with more precise mode of a surface instead of
h. For example, we may introduce an operator associated with a
characteristic skeleton line for a class C3 surface.

Table 1. Classification of closed surfaces.

Closed Surface |Euler Characteristic Number
Sphere 2
Concatenation of n Tori 2-2n
Concatenation of n Projective Planes 2-n

SYNTHESIS OF CURVES, SURFACES AND 3-D IMAGES

Various kinds of structural features of 3-D images or sur-
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faces are have been discussed so far. It is found that
characteristic surfaces in a 3-D image such as a division surface,
characteristic curves of a surface such as a division skeleton
line and characteristic points of a curve is hierachically
defined. We will consider the problem of image or surface synthe-
sis based on a hierarchical representation.

First of all, consider some characteristic points of a
curve. It is known that its formis completely determined by its
curvature and tortion. The curvature K and tortion T of a curve
P(t) are represented by « = |pxB|/|P|® and 1 = (PxB).P/|PxB|2 , where
- means differential of P with respect to t. The first feature of
Kor T is a collection of points where their values are discon-
tinuous. The second characteristic points are those where their
values are equal to zero and the third ones take extremal values.

In order to synthesize a curve by using some characteristic
points, it is necessary to give the positional vector Pg, the
unit tangent vector tg, the unit binormal vector by (or the unit
principal normal vector mg=bgxtg ), curvature xg and tortion Ttg.
The problem is to synthesize a curve as in lower order or degree
as possible when the boundary conditions are given.

Now we will make use of a Bernstein polynomial as an
interpolation function, which is the basis function of a Bé&ier
curve

m .
P(t) = £ c (1-t)" el (7)
i=0 m 1 1
;where m is the degree and Qi (i=0,1,...,m) is the vertex of a
characteristic polygon. Then, the boundary conditions on a
characteristic point are

Py = Qo (8)
m

to =— (Q1-Q0) (9)
Qo
w2 (m-1)

by = —— (Q1-Q0)*(Q2-2Q1+Q0) (10)

KoQp

m(m-1) (m-2)

1p =—————— b0+ (Q3-3Q2+3Q,-Q0) (11)

Qo

Since similar conditions hold at the other end, the order m must
not be less than 4. In case of m=4, Qi is determined as follows.

ao Ay
Qo = Po Qu = Py Q1 = Po+—ty Q3 = Py-—t, (12)
4 4
Qo Koad
Q2 = Po+(—+Bo)to+t——Dboxto (13)
4 12
6{6(tybo) ((P4~Po)*by)-Tu(Pu-Po)*bo}
,where Qo = (14)
ToTu+36(to*by) (tu<by)
6{6(to*bu) ((Py-Pg)*bo)-To(Py-Po) by}
Ay = (15)
ToTu+36(toebu) (tyeby)
-1 Koad auTy
Bo = { (boxto) *but } (16)
to*by 12 24

Then, a surface is synthesized from characteristic curves
such as division skeleton lines. It is necessary to give the
tangent plane (or equivalently the first fundamental quantity)
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and the second fundamental quantity as boundary conditions on a
curve P(t) for the purpose of synthesizing a surface because the
form of a surface is completely defined by them. Suppose that R
and e are a surface to be synthesized and its unit normal vector,
respectively. Then, the tangent plane of R is determined by e
,or the unit tangent vector t and a=ext. The boundary conditions
with respect to the second fundamental quantity are constrained,
specifying a characteristic curve such as a skeleton line. For
example, if u and w are taken as the directions of t and a, we
might only give Ry in case of using a division skeleton line.
The reason for it is that, taklng H=(hj4) as the second fundamen-
tal quantity of R, hjpp= h12 /h1] is determined since det(H)=0 on a
division skeleton line, hjj=Ryy‘e and hjp=hyj=Ryy-e. Such con-
ditions are transformed to those on a given cross section, and
then a surface is synthesized on it in such a one-dimensional way
that a set of curves are generated by means of the above method
(Enomoto & Watanabe:1982).

Finally, a 3-D image is synthesized by the conditions at
both ends on a set of lines transformed from the boundary condi-
tions on a surface. The method interpolates a function g(t) by
using the Bernstein polynomial appeared earlier, where t is a
normalized parameter on a line (Enomoto & Watanabe:1982).

m
¢(t) = T C.(1-t)
i=0
When ¢0 =g(0), @n=@(1), og=g"(0), ap=¢" (1), Bo=g"(0), and Bp=¢"(1)
are given, m must be equal to 5 for the unique solution. 1In this
case,

m11

v, (17)

Yo = o (18)
Y1 = ¢otao/m (19)
V2 = do+200/m+Bo/{m(m-1)1} (20)
by = ¢ -2a /u+B /{m(m-1)} (21)
by = ¢ -a /m (22)
vs = o (23)

The surface and 3-D image synthesized in this way are shown

in Figs.4 and 5, respectively.
o = —
L ﬁﬁ, )
A =

Fig.4 A synthesized surface. Fig.5 A synthesized 3-D image.
CONCLUDING REMARKS AND ACKNOWLEDGEMENT

The paper presented structural features and classification
to extract essential structures of 3-D images and surfaces, and
introduced a hierarchical representation of them. It is con-
cluded that such a hierarchy makes a great contribution of an
effective data compression and a higher description for pattern
recognition and generation of a 3-D image or surface.
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APPENDIX

The equations of structure line and surfaces of a 3-D image
#(x,y,z) are as follows.
(1) Characteristic line:
¢y ( ¢XX¢X+¢XY¢Y+¢ZX¢Z )=¢X( ¢xy¢x+¢yy¢y+¢y z¢z )

¢z(¢xy¢x+¢yy¢y+¢yz¢z)=¢y(¢zx¢x+¢yz¢y+¢zz¢z) (A1)
(2) Edge surface:
¢%¢xx+¢%¢yy+¢%¢zz+2{¢x¢y¢xy+¢y¢z¢yz+¢z¢x¢2x}=0 (A2)

(3) Division surface:
¢%(¢yy¢zz_¢§z)+¢§(¢zz¢xx'¢%x)+¢%(¢xx¢yy'¢%y)

Y2 { BBy (By1BoxByPz2) tByBs (BrxBuy=ByzPxx)
e BryBy s Banbyy) } =0 (%)

The equations of skeleton lines of a surface S(uj,up) are as
follows, taking gj4 and Hj5 (i,3j=1,2) as the first and second
fundamental quantities respectively.

(1) P-characteristic skeleton line:

JP oP
——— — = 0
3u1du1+3u2du2 (A4)
,where P is a solution of 5
(911922-9122)P2-(911Hp2-291H] 2+gp2H11 ) P+ (H1 1 Hpp-H) 22) =0
and duj; and dujp are_solutions of
(g911H12-912811) (duy)2+(g11Hpp-gp2H 1 )duyduy )
+(g32Hp2-g22H) 2) (dup) “=0
(2) K-characteristic skeleton line:
ﬁﬁ-dul+§5-du2 =0 (a5)

dul du2
,where K=(H]11H22-H122)/(911922-912
the same as (1).
(3) Division skeleton line:
Hy1Hpp-H122=0 (n6)

2y , and duj and dujp are
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