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Abstract. A set of N-dimensional product-regular polytopes (N-dimensional PRP-set)
can be produced from aregular polytope by taking the product space of N solid models
which are derived from the boundary figures (vertices, edges, faces, and so on) of the
regular polytope.

| found amethod to calculate all vertices of the N(=2)-dimensional PRP-set derived
from an N-dimensional regular polytope.

The PRP-set derived from a regular polytope is similar to the set of semi-regular
polytopes derived from the regular polytope in point of that both include simple semi-
regular polytopeswhich havethe samerotational symmetry with theregular polytope. But
the PRP-set differs from the set of semi-regular polytopes because that the PRP-set
includes the regular polytope itself, and it doesn’t include the snub-type semi-regular
polytopes, regular prisms, nor regular anti-prisms, all of which have no same rational
symmetry with regular polytopes.

In this paper, | calculated and displayed only 2 to 6-dimensional PRP-sets by using
computer.

1. Definitions and Main Result

This paper shows how to calculate vertices of aset of N-dimensional product-regular
polytopes (N-dimensional PRP-set) derived from an N-dimensional regular polytope.

Definition 1 An N-dimensional polytope is defined recursively as follows;

O a point if N=0,
U a segment if N=1,
0 .

O a polygon if N=2,
B a polyhedron if N=3,
0 an N - dimensional polyhedron which is constructed of

H (N -1)- dimensional boundaries if N=4.
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Definition 2 An N-dimensional product-regular polytope (say PRP) derived from an N-
dimensional regular polytope & is defined as follows;

(@) Thenormal of each (N — 1)-space is parallel to some of the vectors which span
from the center of </ to vertices or centers of the boundaries of .

(b) Thelength of every edge is constant.

(c) The condition around every vertex is regular.
The set consisting of all PRPs derived from < is called N-dimensional PRP-set.

Definition 3 An N-dimensional simple semi-regular polytope is defined as follows:
(@) Ithasthesamerotational symmetrywith any of N-dimensional regular polytopes.
(b) Itisnot an N-dimensional regular polytope.

Theorem Each vertex v of every PRP can be calculated by

v @y

whereT O I, (see Subsection 2.1), T' isthematrix derived from T (see Subsection 2.2) and
Vo O ¥, (see Subsection 2.3).
Furthermore for each v,

{v=TTv, | TO T} 1.2
is the set of all vertices of one PRP.
2. Complements

2.1. The set of matrices 7,
The set of N x N matrices 7 4 is defined as:

Tu={TIT=(a & 8 841~ an_1),
(ag) U (ay) O U (a) U(ay. ) O O(ay_p}, (21)

where a,, is a vector from the center of < to the center of each n-dimensional component
polytope (say (a,)), provided that each n-dimensional polytope (a,) belongsto an (n + 1)-
dimensional polytope (a, . 1)-

Each T is equivalent to a symmetrical region of &/ on an N-dimensional sphere, and
the number of the elementsin J 4 (say L) equalsto the number of symmetrical regions of
&. The number of vertices is not more than L, because some vertices coincide. The
number of verticesis exactly L, when

Vo=(L 1, ..., 1). (2.2)

2.2. Diagonal matrix T’
A diagonal matrix T' is calculated from agiven T as:
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P11 0O
O O
=0 P22 0 (2.3)
O O
H 0 Pn NH

B =S T (24)

where |‘T, ]-| is the cofactor of (i,j)-th entry of T.

2.3. The set of vectors ¥
Let

Vo={Vo= (Vo1 Vo2 - » Von) | Vo 2 (0,0, ..., 0),
Vo; =0o0rl fori=1,2..,N}. (2.5

Then, the number of all PRPs derived from < is
#og=2N-1. (2.6)

If an o/ isself-dual, thentwo PRPswhich arederived fromav, and fromthereverseordered
vector are congruent each other.

3. An Examplein 3-Space

3.1. Symmetrical regions

Let aregular octahedron be «/,. The edge-contact polytopeisarhombic dodecahedron
o5, and the point-contact, i.e. the dual, isacube «/5. By projecting the edges of these three
polytopes from the center onto the circumsphere of «f;, thelines of symmetry isderived as
in Fig. 1 (COXETER, 1973). All of the intersected points of the lines become all vertices,
mid-points of edges, and centers of faces of ;. These lines, i.e. great circles, divide a
sphere into 48 spherical triangles. In other words, the discs each of whose boundaries are
the great circles divide the planes which include the origin divede the inner space of the
sphere the 3-space into 48 regions.

Generally, an N-dimensional regular polytope < can be written as:

A ={{ky, K, ... , Kt} (31)

wherekyisthenumber of (N—1)-dimensional polytopes{{Kkj, K, ..., Ky_1} } which compose
& on its boundaries. Then, the (N — 1)-spaces of symmetry divide the N-space into L,
symmetrical regions;
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Loy =Ky X I x - X Ky

N
= k- (3.2)
n=1

There is a one-to-one correspondence between these regions and the matricesin J ; (refer
to Subsection 2.1).

3.2. Setting of a point in a spherical triangle

Put apoint Pinside aspherical triangle ABC. The centers of «/,, s,, and &/ arefixed
at the origin O. They can not be rotated nor moved, but can be similarly extended or
contracted. If the surfaces of these three polytopes include P which isnot on an edge, then
the product space of them makes a 26-hedron asin Fig. 2. This 26-hedron is produced by
symmetrical reflections, and it constructs a semi-regular octagon (each angle is constant,
but there are two kinds of edges) around A according to the property of symmetry.
Similarly, it constructs a rectangle around B, and a semi-regular hexagon around C. The
shapes around A, B and C are;

a point ifP=A,

around A { asquare else if P € ACU AB, (3.3)
a semi-regular octagon otherwise,
a point if P =B,

around B a segment else if P € BA U BC, (3.4)
arectangle otherwise,
a point ifP=C,

around C { aregular triangle elseif P € CA UCB, 3.5)
a semi-regular hexagon otherwise,

where, AB means an arc AB, for example.

3.3. The conditions on the position of P to construct a PRP

InFig. 2, if thelength of every edgeisconstant, the shapeisaPRPwhichisequivalent
to a semi-regular polytope or aregular polytope. The conditions for having the shapes of
PRPs are;

PQ#0, PR=PS=0, (3.6)
PR#0, PQ=PS=0, (3.7
PS#0, PQ=PR =0, (3.8)

PQ=PR(#0), PS=0, (3.9)
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PQ=PY#0), PR=0, (3.10)
PR=PS#0), PQ=0, (3.11)
% =PR :P_S(¢ O), (3.12)

where, PQ, for example, is the distance from P to Q.

3.4. Vertex v
InFig. 2, let a, b, and ¢ be;

a=0A, (3.13)
b=0B, (3.14)
c=0G, (3.15)
and T and v, be;
T=(ab o), (3.16)
Vo= (a, B, ), (3.17)

then,

Obxc O 0O
T = E 0 Jecxa 0 U, (3.18)
0o 0 |axbOd

V=TT, (3.19)

Obxd 0O 0 OmO

_ 0 0 g0
(abc) 5 0 lcxa 0 Dgam (3.20)

0o 0 JaxbOOyO

=albxca+pB|c xab +yla xblc. (3.2
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3.5. Distance from a point to a plane
The next equation is equivalent to Eq. (3.6) asis shown in Fig. 3;

P-OAB = P-OBC = P-OCA, (3.22

where, P-OAB, for example, is the distance from P to a plane OAB.
In N-space, let an (N — 1)-space x be;

n-x= K’ (323)
K: a constant.

The distance d from a point v to an (N — 1)-space x is;

_hiv+K. (3.24)
In|
If an (N — 1)-space x includes the origin O, then K is 0.
In this case, planes OAB, OBC, and OCA are;
plane OAB: (ax b) - x =0, (3.25)
plane OBC: (b xc) - x =0, (3.26)
plane OCA: (cx a) -x=0. (3.27)
Substitute Egs. (3.21) and (3.25) into Eq. (3.24);
axb)dalbxcla+g|cxab +yla xb|c
P ( ) f{alb x cla +Blc x alb +y]a xbic) (328)
jaxb]
b b
_ (axb)lylaxbic) (3.29)
jaxb]
=yc[{axb), (3.30)
because (a x b) Daand (ax b) Ob.
Similarly,
P-OBC=aa-(bxc), (3.31)

P-OCA =3b - (cxa), (3.32
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and,
a-(bxc)=b-(cxa)=c-(axbh), (3.33)
therefore,
P-OBC=P-OCA = a=p, (3.34)
P-OCA =P-OAB = B=V, (3.35)
P-OAB = P-OBC = y=a. (3.36)

When (a! Bl y) = (11 OY 0)! (OY 1! O)l (17 0! o)! (0! 1! 0)1 (0! Ol 1)1 (1! 11 O)! (11 Oy 1)! (Oy
1,1),(1, 1, 1), each of them satisfies each of Egs. (3.6)—(3.12), and it isequivalent to each
vector vV, in Subsection 2.3.

3.6. Vector product in N-space

Theextension of 3-dimensional vector product to N-spaceisshownin IwAHORI (1982)
as follows;

W XV Xeoe XV :(V1,11V1,21""VLN) X(V2,1:V2,2a-~~7V2,N) X x(VN—leVN—LZv---aVN—l,N)

€& Via Va1 0 Vn-m1
€ Viz Voo ot Vnop2
=det|€ Viz Va3 - Vn-13), (3.37)
ey Vin Von ot VN-an
where e, ... , ey are the fundamental orthonormal vectors in N-space. It needs (N — 1)

vectors to produce an N-dimensional vector product. In N-space, we can use Eq. (3.37) as
the normal of an (N — 1)-space which spans vy, v,, ..., and vy_;.

4. Conclusion

In case of 2-space, all PRPs are regular 2-polytopes. In case of 3-space, all PRPs are
regular and simple semi-regular 3-polytopes. In case of 4-space, PRPs are regular and
simple semi-regular 4-polytopes.

Theverticesof all N(=5)-dimensional regular polytopesarealready shown (MI1YAZAKI
and ISHIHARA, 1989), and we can determine vertices of N(=5)-dimensional PRP-set
according to Eqg. (1.1). The 5-dimensional PRP-set derived from the regular (5 + 1)-tope
isshown in Fig. 4, the 5-dimensional PRP-set from the regular 2°-tope and (2 x 5)-tope in
Figs. 5and 6, the 6-dimensional PRP-set fromtheregular (6 + 1)-topein Figs. 7 and 8, and
the 6-dimensional PRP-set from the regular 28-tope and (2 x 6)-tope in Figs. 9-12.
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In 2-space, all PRPs are regular polytopes. They include no semi-regular polytopes.
On the other hand, in N(=3)-space, the PRP-set derived from a regular polytope includes
all of regular polytopes and simple semi-regular polytopes derived from the regular
polytope. Thecoordinatesof all verticesof aPRPareeasily derived from aregular polytope
according to Eq. (1.1). Therefore, all vertices of N(=3)-dimensional simple semi-regular
polytopes can be calculated.

A B

Fig. 1. Symmetrical regions.

Fig. 2. VerticesP, Q, R, and S of a 26-hedron. Fig. 3. Distance from P to 3 planes OAB,
OBC, and OCA.



On a General Method to Calculate Vertices of N-Dimensional Product-Regular Polytopes

v
\rxx\
-'i’////// %\\
u /A
/ v ~
z y -~
coordinate axes (1,0,0,0,0)
(1,1,0,0,0) (1,0,1,0,0)
K /
(0,1,1,0,0) (0,1,0,1,0)
(1,1,0,0,1) (1,0,1,1,0)
/
S
§10
N
‘A‘L‘
(1,1,1,1,0) (1,1,1,0,1)

229

P -
,///
(0,1,0,0,0) (0,0,1,0,0)
(150707 110) (1)0101071)
S T\ 2
: YN A/
AN =Y s
WQ__ O
(1,1,1,0,0) (1,1,0,1,0)
2 %q'
|/ GRK
S
(1,0,1,0,1) (0,1,1,1,0)
(1,1,0,1,1) (1,1,1,1,1)

Fig. 4. The 5-dimensional PRP-set derived from aregular (5 + 1)-tope.
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coordinate axes
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% ZAG

==X
et/
N2

=X

(0,1,0,0,1) 0,0,1,1,0) (0,0,0,1,1)

Fig. 5. The 5-dimensional PRP-set derived from aregular 25-tope (1/2).
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X

(07 17 1’ O’ 1)

(1,1,0,1,1) (1,0,1,1,1) (1,1,1,1,1)

Fig. 6. The 5-dimensional PRP-set derived from aregular 25-tope (2/2).
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w
X
y <
u Yy
z
coordinate axes (1,0,0,0,0,0) (0,1,0,0,0,0) (0,0,1,0,0,0)

(1,1,0,0,0,0) (1,0,1,0,0,0)

(1,0,0,0,0,1) (0,1,1,0,0,0)

(0,0,1,1,0,0) (1,1,0,0,1,0)

(1,1,0,0,0,1) (1,0,1,1,0,0) (1,0,1,0,1,0) (1,0,1,0,0,1)

Fig. 7. The 6-dimensional PRP-set derived from aregular (6 + 1)-tope (1/2).
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(0,1,1,1,0,0)

(1,1,0,1,1,0) (1,1,0,1,0,1)

(15 07 ]" 11 17 0)

(1715 17 17170) (17171’ 1707 1) (17171107171) (171717171’1)

Fig. 8. The 6-dimensional PRP-set derived from aregular (6 + 1)-tope (2/2).
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u z
v y
W «
P

coordinate axes (1,0,0,0,0,0) (0,1,0,0,0,0) (0,0,1,0,0,0)

(0,0,0,1,0,0) (0,0,0,0,1,0) (0,0,0,0,0,1)

(170) 1307070) (170’07 17070) (17070707 1’0)

(0,1,1,0,0,0) (6,1,0,1,0,0) (0,1,0,0,1,0) (0,1,0,0,0,1)

Fig. 9. The 6-dimensional PRP-set derived from aregular 2%-tope (1/4).
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(0,0,1,0,0,1) (0,0,0,1,1,0)

(1,0,1,1,0,0) (1,0,1,0,1,0)

(1,0,1,0,0,1) (1,0,0,1,1,0) (1,0,0,1,0,1) (1,0,0,0,1,1)

Fig. 10. The 6-dimensional PRP-set derived from aregular 25-tope (2/4).
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(1,1,1,0,0,1) (1,1,0,1,1,0) (1,1,0,1,0,1) (1,1,0,0,1,1)

Fig. 11. The 6-dimensional PRP-set derived from aregular 25-tope (3/4).
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LLER N P (1, L, 1.0, L, 1)

(1, 0,00, 0,11} (LI I (0L L L (1,1.1, 1,1, 1}

Fig. 12. The 6-dimensional PRP-set derived from aregular 2°-tope (4/4).
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