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Abstract.  Three-dimensional images constructed by CT and MRI has been recently taken
as routine diagnosis in medicine and so measures such as fractal dimensions. Lacunarities
for 3-dimensional networks or textures are expected to be used as diagnostic parameters.
The method of moments and the box counting method to estimate the fractal dimensions
of images were examined for their reliability, using images with theoretical fractal-
dimensions, which computationally implemented from 3-dimensional triadic Cantor sets
and 3-dimensional fractional Brownian motion. In addition, correlation between the
deviations of the measured dimensions from the theoretical ones and lacunarities was
analyzed. The lacunarity, Λ-dila was defined using a morphological filter of 3-dimensional
dilation of an image. It was found that the measured fractal-dimensions by the method of
moments were well fit to the theoretical ones for those images with less Λ-dila’s, however,
significantly deviated for those images with larger Λ-dila’s. Thus, the method of moments
is expected to estimate sufficiently accurate fractal dimensions of textures in 3-dimensional
medical images with less Λ-dila’s.

1.  Introduction

The fractal dimensions of medical 2-dimensional images are accepted as useful
evaluations of branching structures or networks of tissues in diagnosing diseases (BYNG et
al., 1997; HONDA et al., 1992; PEISS et al., 1996; THIELE et al., 1996; VEENLAND et al.,
1996). The digitizing technology has these days greatly progressed to allow construction
of 3-dimensional images in biology (STREICHER et al., 1997), and to numerically analyze
3-dimensional medical images constructed by CT and MRI (LAINE et al., 1997; SERNETZ

et al., 1992) with a satisfactory speed of computation. Therefore, the present study has
primarily attempted to assess methods to measure fractal dimensions of the 3-dimensional
medical images in order to apply the dimensions as supplementary parameters in diagnosing
diseases such as osteoporosis (CHUNG et al., 1994; HAIDEKKER et al., 1997; MAJUMDAR et
al., 1997).

Such assessment needs to take account of some problems on the nature of fractal
dimensions. Firstly, the measured fractal dimension of an image is not unique yielding
different values depending on the range of measuring scales (VOSS, 1988; EVERTSZ and
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MANDELBROT, 1992). Secondly, fractal sets with the same fractal dimension give rise to
images with different textures depending on the lacunarities as discussed by MANDELBROT

(1983, 1994). For example, a triadic 1-dimensional Cantor set on the full closed interval of
[0,1] with segmentation factor of 1/r = 3 and N = 2 segments to leave has the same
Hausdorff-Bescovitch dimension, D = (log 2)/(log 3) as any sets with 1/r = 3k

 and N = 2
k

for integer k(k > 1). However, the texture and the dimension measured by a box counting
method are quite different with increased N(k >> 1) depending on the arrangement of
distribution of N segments on the interval [0,1]; the measured dimension, Dim ≈ 0 when the
N segments are densely-shifted to near ends of the interval [0,1] with a large gap in its
center, while Dim ≈ 1 when they are uniformly-spaced in the interval. Thirdly, digitized
images of fractal sets due to their discretized nature do not conform to the mathematics of
fractal geometry, by which fractal dimension is defined by the power law in a range of
infinitesimally-decreased scales of ε, or by Minkowski sausage (MANDELBROT, 1983).

Previous studies on 2-dimensional images by others showed large discrepancies (0.2
to 0.3) between their measured fractal-dimensions and theoretical ones (KELLER et al.,
1989; HUANG et al., 1994), which led to a view that absolute values of fractal dimensions
could not be measured and only the relative values were reliable. These images were those
of 2-dimensional fractional Brownian motion, which treated as the surfaces in 3-dimensional
space (Brownian surfaces). That is, the Brownian values f(x,y) were taken on z-axis.
KELLER et al. (1989), recognized that points on the surface were widely spaced and so these
contributed to lower the values of measured fractal-dimensions. To solve this problem we
have taken an algorithm to generate 2-dimensional binary images of the Brownian surfaces
by the mean values of points, i.e. f(x,y) = 1 if |z – mean| ≤ ε, else f(x,y) = 0. These binary
images gave accurate estimates of the fractal dimensions and correlation between the
fractal dimensions and lacunarities was observed (DOMON et al., 1998).

The present study attempts to extend the 2-dimensional algorithms to 3-dimensional
ones and to investigate whether 3-dimensional binary images implemented can be used as
standard fractal-images and the methods to measure the fractal dimensions and lacunarities
are reliable.

2.  Methods

2.1.  Implementation of 3-dimensional fractal images
2.1.1.  3-dimensional triadic Cantor sets

Images were generated by the iteration; the initiator is a filled unit-cube and the
generator is to cut it into 27 (= 3 × 3 × 3) segments of cubes (r = 1/3), among which N
segments are left for the next cut. Therefore, after k iterations the number of segments left
increases as Nk from 27k of total number of segments. The Hausdorff-Bescovitch dimension,
D is related to N by D = (log N)/(log 3). Figure 1 illustrates representative generators of 3-
dimensional triadic Cantor sets as follows. The cross-sections of xy-planes of 27 segment-
cubes of the generator were grouped as 3 layers of Bottom, Middle and Top with 9 segment-
cubes per layer. The segment-cubes were named as #0 to #26 by the rule; those of the
bottom row of Bottom layer were numbered as #0, #1, #2 from the left, those of the middle
row as #3, #4, #5 and those of the top row as #6, #7, #8. The segments of Middle and Top
layer were named by the similar sequences. For example, the generator of a N = 3 set shown
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Fig. 1.   Representative generators of 3-dimensional triadic Cantor sets with an initiator of filled box. At each
iteration step, a cube is cut into 27 segment-cubes grouped as Bottom (#0–#8 segment), Middle (#9–#17
segment) and Top layer (#18–#26 segment), of which N segments are left for the next iteration. The segments
in Bottom layer are sequentially numbered as #0 to #3 from left to right for the bottom row, #3 to #5 for the
middle row and #6 to #8 for the top row and those of other layers are numbered in a similar way.
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in Fig. 1 was to leave #0, #13 and #26 segment -cube as indicated by closed squares. Twenty
images of the Cantor sets were implemented in this study; 3 images with N = 3, 4 images
with N = 5, 6 images with N = 9, 3 images with N = 12 and 4 images with N = 20. The image
called as a Menger sponge shown in Fig. 2 is visualized by volume rendering of a N = 20
set, of which generator is seen in Fig. 1 (MANDELBROT, 1983).

 The array size of all images was fixed at 244 × 244 × 244 with addresses of x, y, z from
0 to 243, and the generator was operated by 5 iterations. Thus, the size of a final segment-
cube left became 1 × 1 × 1 with addresses of 8 vertices. After initialization of 244 × 244
× 244 array with setting to 0, the binary image was constructed from the image array for the
final segment-cubes by giving 1 to only one vertex and 0 to the other 7 vertices for any final
segment-cube. Figure 3 presents an image of the N = 9 set which displayed as three 2-
dimensional binary images of xy-planes at z = 0, 1 and 2 (its generator is seen in Fig. 1).
2.1.2.  Sets of 3-dimensional fractional Brownian motion

Three-dimensional sets of fractional Brownian motion is defined by

Variance{f(Ri) – f(Rj)} ∝  Ri – Rj 2H,  0 < H < 1

where Ri, Rj are points in 3-dimensional space. Images of the sets for given H were
implemented by a method modulated from an algorithm named as midpoint displacement
and successive random additions for 2-dimensional fractional Brownian motion (SAUPE,
1988). The image size was 129 × 129 × 129. The method constructed 3-dimensional arrays
of f(x, y, z) = value, which were then converted to 3-dimensional binary data by the mean

Fig. 2.  A visualized image of a 3-dimensional triadic Cantor set with N = 20 (a Menger sponge), of which
generator is shown in Fig. 1.
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of values; f(x, y, z) = 1 if f(x, y, z) – mean  ≤ ε, else f(x, y, z) = 0. The value of ε was set
to 0.125, when the standard deviation of the nearest point-to-point distribution was fixed
at 0.5 for any image. By this conversion, the fractal dimension, D was related to H by D ≈
3 – H (VOSS, 1988). Ten 3-dimensional images per H (H = 0.3 to 0.9 with a step of 0.1) were
generated and so total number of images generated was 70. Figure 4 presents the image of
a H = 0.3 set (theoretical fractal dimension of 2.7) visualized by volume rendering after
operation of 3-dimensional morphological filter of closing by structuring element of 3 × 3
× 3 (SERRA, 1992).

Fig. 3.  Two-dimensional displays at z = 0, z = 1 and z = 2 of a 3-dimensional triadic Cantor set with N = 9, of
which generator is shown in Fig. 1.
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2.2.  Methods of fractal-dimension measurement
The method of moments was based on the following algorithm (VOSS, 1988). When

P(m, L) is the probability that a cube of size L centered on any point of a binary image covers
m points (∑P(m, L) = 1) and so mP(m, L) is the moment, the mass M(L) = ∑mP(m, L) is
related to the fractal dimension D by M(L) ∝ LD. The measuring scale, L was spanned from
3 to 31 by 15 steps with a step size of 2.

An alternative method to measure the fractal dimension, a box counting method
(HUANG et al., 1994) was investigated. The measuring scales, L was spanned as powers of
2, that is, from 4 to 64 for images of the Cantor sets and from 4 to 32 for images of the
fractional Brownian motion.

2.3.  Lacunarity measurement
The various measures of lacunarity, Λ are defined by MANDELBROT (1983, 1994),

VOSS (1988) and KELLER et al., (1989). In the present study, the two measures were
investigated.
2.3.1.  Lacunarity defined by 3-dimensional dilation

The measure of lacunarity was defined by Minkowski sausage for a 1-dimensional
Cantor set (MANDELBROT, 1994). In the present study it was modulated to the one for a 3-
dimensional binary image with using a 3-dimensional morphological filter of dilation
(SERRA, 1992). That is, the lacunarity was defined as Λ-dila = n_dila/ (n × 27), where n is
the number of points of an original 3-dimensional binary image and n_dila, the number of
points of image dilated by 3 × 3 × 3 structuring element. Since n_dila is equal to n × 27 by
operation of 3-dimensional dilation filter on an image, of which points are separated from
any other points with a distance of more than 2 digitized addresses in any direction of

Fig. 4.  A visualized image of fractional Brownian motion with H = 0.3 (theoretical fractal dimension = 2.7)
operated by closing of a 3-dimensional morphological filter.
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x-, y-, and z-axis, its lacunarity is 1.0. By the dilation operation on a digitized image of
Euclidean solid objects (E = 3), its dilated image remains as the original one and so the
lacunarity is 1/27. A digitized image of the straight line (E = 1) yields Λ-dila = 9/27 and
that of the plane (E = 2), Λ-dila = 3/27. Thus, 1/27 ≤ Λ-dila ≤ 1.
2.3.2.  Lacunarity defined by moments

When P(m, L) is probability that the box with size L centered on a point contains m
points, q-th moment of P(m, L) Mq (L) = ∑ mq P(m, L). As mentioned before M(L) is the mass
of P(m, L). The measure of lacunarity proposed by VOSS (1988) is defined as Λ-moment
= {M2(L) – M(L)2 }/M(L)2. When points are uniformly distributed in the range of measuring
box size, m ≅  constant and so Λ-moment ≅  0. Therefore, an image in which points are
isolated (m = 1) or compactly -filled in measuring box gives Λ-moment ≅ 0.

3.  Results

3.1.  Measured fractal dimensions of triadic Cantor images
The mass M(L) of a 3-dimensional binary image was in general fit to a straight line of

log M(L)– log L plot as expected. The fractal dimensions of triadic Cantor images
calculated from log M(L)– log L plot (method of moments) were compared with the
theoretical ones (Fig. 5). The line in the figure indicates a complete fit between the
measured fractal-dimensions and theoretical ones. However, when the deviation is supposed
as ∆ =  measured fractal dimension – theoretical fractal dimension , the ∆’s larger than

Fig. 5.  The measured fractal dimensions of images of the Cantor sets plotted as a function of theoretical fractal
dimension. The open circle indicates the data by the method of moments and the closed circle, by the box
counting method.
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0.02 were investigated in 6 out of 20 images. The largest ∆ > 0.1 was given by the data for
a N = 5 image, of which theoretical fractal dimension is 1.4650.

The box counting method gave exactly the same value of fractal dimension as the
theoretical one for any image of the Cantor sets when measuring scale L’s were chosen as
power of 3. Such complete fit was reasonable since images of the triadic sets were
implemented by the generators with r = 1/3 (see, Fig. 1). Therefore such measurements are
only significant in confirming the error-free of the program to implement images of the
Cantor sets and so not concerned in further analyses. As mentioned in Sec. 2, the data by
box counting method was obtained by the measuring scales of power 2.

The data by the box counting method are superimposed in Fig. 5 (closed circles). It is
evident that the deviation ∆’s are in general larger than those by the method of moments.
In fact, the deviation ∆’s are larger than 0.02 in 15 cases out of 20 Cantor sets investigated.
The largest deviation ∆ = 0.21 was seen for a N = 9 image with theoretical fractal-dimension
of 2.0.

3.2.  Measured fractal-dimensions of images of fractional Brownian motion
The data by the method of moments and box counting method are plotted in Figs. 6a

Fig. 6.  The measured fractal dimensions of images of the fractional Brownian motion plotted as a function of
theoretical fractal dimension. The open circle indicates the data by the method of moments (Fig. 6a) and the
closed circle, by the box counting method (Fig. 6b). Each point and bar indicates means and standard error,
respectively.

(a)
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and 6b, where the points indicate the averaged values of 10 images with given H’s. The
straight line is drawn as a complete fit between the measured fractal-dimensions and the
theoretical ones. The averaged dimensions by the method of moments (open circles in Fig.
6a) were deviated from the theoretical ones with ∆ < 0.07, and the ∆’s by the box counting
method were larger (closed circles in Fig. 6b).

3.3.  Lacunarities measured by the dilation method
The lacunarities measured by the dilation method, Λ-dila for images of the Cantor sets

are shown in Fig. 7 as a function of fractal dimension measured by both the methods (open
circles for the method of moments and closed ones, for the box counting method). The
points marked by star indicate Cantor sets with the deviation ∆ > 0.05, and those marked
by double stars or by “star +” indicates the set of ∆ > 0.18 or ∆ > 0.2, respectively. It appears
that the ∆ for the measured fractal-dimension by the method of moments is correlated with
the Λ-dila; the larger Λ-dila, the larger ∆. This is not the case for the box counting method.

The images of sets, of which points are rather widely spaced, yielded the largest
lacunarities among images of sets with the same N of 5, 9, 12, and 20, respectively. The
image of N = 5 set (theoretical fractal-dimension = 1.4650) yielded lacunarity of 0.7126 and

Fig. 6.  (continued).

(b)
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the dimension deviation ∆ = 0.1 (its generator is seen in Fig. 1). The image of N = 9 set
(theoretical fractal-dimension = 2.0) yielded lacunarity of 0.4895 (its 2-dimensional
displays in Fig. 3). In contrast, the lacunarity of 0.1577 was given by the image of a N =
9 set, of which points are densely arranged. Its generator is of combination of #0#1#3/
#9#10#12/ #18#19#20 segment (the rule described in Sec. 2) and the 3-dimensional image
is composed of thin rods with L-formed cross-sections (image not shown). When the
dimension measurement was carried out on this image by the box counting method, ∆ =
0.21 (data point marked by “ �+” in Fig. 7).

The lacunarities, Λ-dila’s of images of 3-dimensional fractional Brownian motion are
shown in Fig. 8a or in Fig. 8b as a function of fractal dimension measured by the method
of moments or by the box counting method, respectively. In both the figures the data of
three sets with theoretical dimensions of 2.1, 2.4 and 2.6 (H = 0.9, 0.6, and 0.4, respectively)
are plotted, where a cluster of 10 points corresponds to data of a group with a given H. The
Λ-dila’s were decreased with increased fractal-dimensions in a way similar to those of the
Cantor sets. In addition these figures indicate that the measured fractal-dimensions are
widely scattered for the images with 2.1 of theoretical fractal-dimension and that the
extents of data scattering are larger for the data by the box counting method.

Fig. 7.  Correlation of the lacunarity-dila’s with the theoretical fractal dimensions of images of the Cantor sets.
The open circle indicates the data by the method of moments and the closed circle, by the box counting
method. The points marked by �, �� or �+ indicate the data of the images with ∆ > 0.05, ∆ = 0.18 or ∆ =
0.21, respectively. The ∆ is defined in the text.



Fractal Dimensions, Lacunarities of 3-Dimensional Images 259

Fig. 8.  The lacunarity-dila’s of the images of fractional Brownian motion plotted as a function of the fractal
dimension measured by the method of moments (Fig. 8a) and by the box counting method (Fig. 8b). The data
of three groups are plotted. The group is composed of 10 images with H = 0.9 (theoretical fractal dimension
= 2.1), H = 0.6 and H = 0.4, respectively.

(a)

(b)
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3.4.  Lacunarities measured by the moment method
The lacunarities, Λ-moment’s of the Cantor set images are plotted in Fig. 9. The

correlation between the Λ-moments and the measured fractal-dimensions cannot be found.
In Fig. 10 both the lacunarities, the Λ-dila’s and Λ-moment’s are compared for the
fractional Brownian motion images. It can be seen that the Λ-moment’s are more widely
scattered within 10 images of a H and shows no tendency in their changes with increased
theoretical fractal-dimensions. Similar results were obtained by using the scaling size L =
5 for the measurements of lacunarities of images by both the methods.

4.  Discussion

4.1.  3-dimensional images as standards for fractal dimension measurements
The implemented images of fractal sets are not true fractals due to their discretization

and limited resolution (KELLER et al., 1989; AVNIR et al., 1998). A question may be raised
whether or not 3-dimensional images in this study can be applied as the standards for
assessing a method to measure fractal-dimensions. As described in Sec. 3 most images of
the Cantor sets are confirmed to provide measured fractal-dimensions fit to their theoretical
ones and so at least, those images with lower Λ-dila lacunarities are expected to be
candidates for such standard images.

Fig. 9.  The lacunarity-moment of images of the Cantor sets plotted as a function of the fractal dimension
measured by the method of moments. The points marked by � indicates the data with ∆ > 0.05.
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Since textures in medical images are, in general, of irregular pattern unlike the Cantor
sets, the images of fractional Brownian motion may be useful as the standards. It remains
a question whether these images implemented by the algorithm in the present study are
reliable as the standards. We have attacked the question by the 1-, 2- and 3-dimensional
images of fractional Brownian motion with scanning H’s, variances of values between
nearest neighbors and the binary widths, ε’s (see, Sec. 2). The settings described in Sec. 2
are found to be satisfactory to give the measured fractal dimensions closer to theoretical
ones for images with H = 0.9 to 0.3. However, the images of sets with less H’s were more
similar to those images of white noise and so the images with H < 0.2 were not described.
Even those images with H ≥ 0.3 are widely scattered in their measured dimensions and
lacunarities, which reflects a statistical nature in the point-distributions of images. Thus,
the images of fractional Brownian motion with H = 0.3 to 0.9 can be used as the standards
for fractal analysis, when the collected data from 10 or more images with a single H are
assayed.

4.2.  Methods to measure fractal dimensions of images
Small deviations were not observed in measurement of fractal dimensions of fractional

Brownian motion images (Figs. 8a and 8b). The deviations may result from a method.
However, the method of moments has been assessed to be reliable in the measurements of

Fig. 10.  The values are compared in the images of fractional Brownian motion between the lacunarity defined
by the dilation method, Λ-dila (open circles) and that defined by the moment method, Λ-moment (closed
circles).
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the fractal dimension of an 3-dimensional image except for cases with larger lacunarities,
Λ-dila. In contrast, the box counting method, in general, provides rather larger deviations,
the ∆’s. The reason for this was given by EVERTSZ and MANDELBROT (1992) as follows. The
box counting method counts the number of boxes of size, L to cover an image when the box
contains a single point, a few points or even large number of points, respectively. In other
words the number of boxes N(L) is counted without taking into consideration of the weights
of points.

4.3.  Lacunarity and noise
The results lead to the conclusion that the measure of lacunarity defined by the

dilation, Λ-dila of an image is preferable to the one by the moment method and gives the
correlation between lacunarities and fractal dimensions. In addition the present study
indicates the influence of noise which is universal in medical images. When the noise level
is high, the moment mP(m, L) is increased resulting in the larger fractal dimension.
Inversely, the noise at a lower level is added to images with lower theoretical fractal-
dimensions, the isolated points are widely positioned and so the moment P(1, L) becomes
significant resulting in lowering the measured fractal-dimensions and increasing the Λ-
dila’s. Thus, it may be essential to remove the noise of images prior to the measurements
of their fractal dimensions.

The work has been partly supported by Grant-in-Aid of Japanese Ministry of Education,
Culture and Sports, Grant # 08672150.
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