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Abstract. Turing mechanism explains the pattern formation in a uniform field in which
two substances (e.g. activator and inhibitor) interact locally and diffuse randomly. Two-
dimensional Turing models can generate stationary spatial patterns either with stripes or
with spots, and have been adopted to explain the skin pattern formation of animals. We
first discuss the effect of the choice of reaction terms on pattern selection, whether spots
or stripes are formed. It is shown that the relative distance of the equilibrium level of
activator between the upper and lower limitations has a very strong effect on the pattern
selection. Secondly, we focus on the direction of the stripes generated by Turing model
with anisotropic diffusion in order to explain the directionality of stripes on fish skinin
closely related species. Relative magnitude of anisotropy of the two substancesis shown
to determine whether stripes are vertical or horizontal.

1. Introduction

Some animals have striped pattern on their skin, exemplified by zebra or tiger's
coating. The developmental pattern formation of animal coating has been studied
mathematically by Turing system (MEINHARDT, 1982; MURRAY, 1989). It is a pair of
partial differential equations, and representsthetimedevel opment of reacting and diffusing
chemicals, which can evolve spontaneously to spatially heterogeneous stationary pattern
fromaninitially uniformdistribution (TURING, 1952). TURING (1952) specifically considered
a system of two chemicals, an activator and an inhibitor, where the activator enhancesits
own production rate and also promotes the production of the inhibitor whilst the inhibitor
suppresses both activator and inhibitor. The diffusion coefficient of the inhibitor is much
larger than that of the activator. Without diffusion, the local reaction of the two substances
isstableand convergestotheequilibrium. However, with diffusion, theuniformdistributions
of both substances with concentrations at the equilibrium are unstable, and a spatially
heterogeneous pattern emerges spontaneously, called Turing instability. This simple
mechanism suggests that reaction of a small number of chemicals and their random
diffusion can create stable non-uniform patterns in a perfectly homogeneous field.
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MEINHARDT (1982) discussed many casesof patternformationin development that are
likely to be explained by reaction-diffusion model, including regeneration and pattern
formation of hydras(MEINHARDT, 1982). MURRAY (1989) al so expl ained various phenomena
of biological pattern formation including the patterns of animal coating. Although patterns
of mammal coating are quite suggestive of the involvement of Turing mechanism, their
patternisformedin early developmental stages, and the number of stripes does not change
intheir lifetime even if the body size grows considerably. In contrast, the stripe pattern on
fish skin changes as the fish body size increases (KoNDO and Asal, 1995). The number of
stripesincreases with the body size but the width of each stripe and their distance between
stripes remain almost unchanged. KONDO and Asal (1995) studied the skin patterns of
several species of tropical fishes, and showed that the change of their skin patterns can be
explained very accurately by a simple reaction-diffusion model of Turing type.

Motivated by these past studies, we discuss two new problemsin the Turing system.
First, we study the mechanism of pattern selection. A Turing system on atwo-dimensional
plane gives either striped pattern or spotted pattern for values of parameters, which cause
Turing instability in an one-dimensional system (Fig. 1). There are three major classes of
the spatial patterns. Figures 1a and 1b illustrate a “spot pattern” and a “stripe pattern”,
respectively, for the location with high activator density. Figure 1cillustrates a“reversed
spot pattern”, in which areaswith alow activator density (dark) existin patchesthat scatter
over the plane, whereasthe areaswith ahigh activator density (white) are connected. There
isaninteresting problem, here, how the choiceof thereactiontermsin Turing modesaffects
the tendency to generate either stripes, or spots, or reversed spots.

Different pigment patterns of animal coating presumably serve as cryptic coloration
or social signalsin group forming species. Comparative study of ciclid fishes with stripes
shows asignificant correlation between social structure of the species and the direction of
stripes, suggesting their rolein social interaction (SEEHAUSEN et al., 1999). Many species
in fishes have pigment patterns similar to surrounding circumstances, to achieve cryptic
coloration, exemplified by agoby in genus Gobiidae and aflounder Paralichthysolivaceus,

Fig. 1. Spatial patterns generated by a two-dimensional Turing model expressed by Egs. (1), (4) and (5). The
white color indicates the area with ahigher activator density u. Parameters are the same except Uyyper (3)
spot pattern (Uypper = 50.0), (b) stripe pattern (Uyy,e = 10.00), (c) reversed spot pattern (u =4.10). Other
parameters are: A =0.90, B = 1.20, C = 0.20, d = 20.0, y = 10000 and u,e = 0.0.
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suggesting that the pattern might serve asameans of predator avoidance (KuwAMURA and
KARINO, 1999). Withinthe same speci es of fish Hypostomus plecostomus, some subspecies
has spot pattern and others has stripes (Y AMAGUCHI, 2002).

Secondly, thedirectionality of stripesformedin Turing systemsprovidesaninteresting
problem. Since fish have scales, fish skin is morphologically different along the AP axis
and along the dorso-ventral (DV) axis. Thereforeitisplausibleto assumethat thediffusion
coefficient is different between directions. We study the reaction-diffusion model where
the substances can diffuse faster in a certain specific direction than in a direction
perpendicular to it. Hence the diffusion of the two substances can be anisotropic. Results
of numerical analysis in this work explain many features of pattern formation shown by
several species in genus Genicanthus.

We also develop a heuristic argument of the direction of stripes in more general
situations in which the diffusive direction may differ between the two substances. As a
result we have derived a formula for the direction of stripes, based on the most unstable
mode of deviation from the uniform steady state.

2. Turing System

TURING (1952) showed that two diffusive chemical sthat react each other can generate
spatially heterogeneous patterns spontaneously from a uniform initial distribution. In
general, the model can be written as follows,

au

ov_ -

i D6y (u,v), and 5 dOw yg(u,v), (0]
where u and v are the concentrations of two substances which differ in diffusivity. By
rescaling the space variabl e, we made the diff usion coefficient of u equal to 1. On the other
hand, two reaction terms are multiplied by acommon factor y, and the diffusion coefficient
for visreplaced by theratio of diffusion coefficient of the two substances, denoted by d.
Here we assume that d is larger than 1, and hence diffusivity of v islarger than that of u.

Now we consider the equilibrium (u,, V) of ordinary differential equations
corresponding to partial differential Eq. (1). It satisfies: f(ug, V) = 0, and g(uy, V) = 0. This
islinearly stable in the ordinary differential equation:

ﬂ ag<0 an ﬂ%_ﬂ@>o, (2)
du ov duadv odvau

whereall the partial derivatives are evaluated at equilibrium (u,, vg). Second, we consider
the local stability of the uniform steady state u = uy and v = v,. This steady state solution
is unstable in the partial differential equations given by Eq. (1). Thisleads to:

dﬂ+ag>o, ﬁ+—g %Og o %9F o, )
ou ov uov ovau
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The model satisfying Egs. (2) and (3) is called a Turing system, and the parameter region
for a given model to be a Turing system is called Turing space (MURRAY, 1989).

SHoJI et al. (2003b) examined the dimensionless reaction diffusion system as Eq. (1)
with the linear reaction terms (following KONDO and Asal, 1995; Asal et al., 1999):

f(uv)=Au-v+C, and g¢(uv)=Bu-v-1, (4)

where A, B and C are constants.

In the numerical calculation of Egs. (1) and (4), the deviation of two variables from
the equilibrium increases with time and diverges to positive and negative infinity. For the
model to have a stable stationary distribution of finite magnitude, we need to add termsto
constrain the variables within a finite range.

3. Pattern Selection Problem—Spot, Stripe, or Reversed Spot

We studied how the choice of the reaction termsin Turing modes affects the tendency
to generate either stripes, or spots, or reversed spots. We focus on therole of non-linearity
in reaction terms that constrain the variables within a fixed range.

3.1. Periodic pattern in one dimensional

Before examining the pattern selection of two-dimensional models, we first consider
the condition in which stable periodic pattern can be formed in a one-dimensional Turing
model with linear reaction terms and constraints. We can show that linear models can
generate stable periodic patterns if both variables are constrained from above and from
below (e.g. KoNDO and Asal, 1995). To be specific, we introduced the constraint of u, as
follows:

Ujower sus uupper’ (5)

where Ujgye and Uyp,ee are constants. We call these as lower and upper limitations,
respectively. We may also introduce a similar constraint with respect to v. There are four
possible ways of constraint: the upper limitation of u, the lower limitation of u; the lower
upper limitation of v; and thelower limitation of v. Westudied all the possible combinations
of these four ways of introducing constraints. The result is very clear—the activator, but
not the inhibitor, must be constrained both from above and from below for the model to
generate a stable periodic pattern in one-dimensional model, given by Egs. (1) and (4),
provided that parameters are within the Turing space. See SHoJI et al. (2003b) for detail.

3.2. Stripe, spots and reversed spots generated by linear system

Wethen discusstwo-dimensional patternsgenerated by linear model given by Egs. (1)
and (4) with constraint Eq. (5). We have doneall the simulation in this chapter by the same
analysis explained below. We chose parameter and parameter range of reaction term as: y
=10000, d =20.0,C=0.20,0.0<A<1.2and 0.0 < B < 6.0. Most of these parameters are
in the Turing Space (see Fig. 2). The simulations were performed with periodic boundary
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Fig. 2. The parameter regionsin which stripes, spots, and reversed spots were generated. Dynamics expressed
by Egs. (1) and (4) were adopted. The upper and lower limitations were realized by resetting the variables
whenever they go outside of the allowed interval. @ with box: reversed spot, O: stripe pattern, @: spot
pattern, x: homogeneous pattern. The area surrounded by four broken linesisthe Turing space derived from
Egs. (2) and (3). Other parameters arefixed as: C = 0.20, d = 20.0 and y= 10000. (a) The distance from the
equilibrium point to the upper limitation is5.0 and oneto lower limitationis 1.0. Spots pattern are produced
in most of the Turing space. (b) The distance from the equilibrium point to upper limitation and the one to
the lower limitation are both 1.0. The stripe patterns were produced in most of the Turing space. (c) The
distancefrom the equilibrium point to upper limitationis 1.0 and oneto lower limitationis5.0. Thereversed
spots pattern were produced in the large part of the Turing space.

condition in asquare domain of size: 2.0 x 2.0 (grid: 200 x 200). A simple explicit scheme
isadopted. To satisfy the stability condition for numerical analysis, mesh size was chosen
to be 1.0 x 107°. The fixed parameter was y = 10000. We tested three initial conditions
where value of uand v are equilibrium values added by small random deviations. Thetime
at which we stopped cal culation was sufficiently long, and we can safely regard that the
pattern would no longer change from the one obtained in the end of simulation even if we
increase the calculation time further.

We examine the effect of the constraint in determining pattern selection in the two-
dimensional model. First, wenotethat, because of linear kineticsadopted here, the property
of the model should not be changed by rescaling variables and time or space parameters.
Hence whether the model generates patternswith spots, stripesor reversed spots should be
unchanged if |y, — Uggl @nd |Ugq — Upyin| @@ multiplied by the same factor, and hence only
the ratio of |Upz, — Ueg| tO |Ugq — Umin| affects the pattern selection. We here focus on the
patterns generated by each parameter of Eqgs. (1) and (4) with constraint Eg. (5). Dueto the
linear nature of the kinetics, shifting of variables also should not affect the pattern
selection, indicating that the results is independent of parameter C in Eq. (4).

InFig. 2, we have different cases of the ratio of |y, — Uggl aNd [Ugg — Upyiy|- Different
symbolsindicate the produced patterns. We judged each pattern to be one of the three by
eye. Two axes are A and B. Figure 2a shows the results when the distance between the
equilibrium value of u and upper limitation is five times as large as the distance between
equilibrium u and lower limitation (|Uya — Uegl = S|Ugg — Uninl). FOr @most all parameters
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in the Turing space (see Fig. 2), the model generated spot patternsin which white spots of
high u are evenly scattered and the black areas are connected with each other. Figure 2b
showstheresultswhen the distance between the equilibrium value of uand upper limitation
isequal to the distance between the equilibrium and lower limitation (|Upay — Uegl = [Ueg —
Uninl)- The stripe patterns appeared in almost all area of Turing space, in spite that striped
patterns are considered rather difficult to generate by reaction diffusion models (MURRAY,
1989). Figure 2c shows the results when the distance between equilibrium value of u and
upper limitationisfivetimessmall asthedistance between equilibrium point of uand lower
limitation (5|Umay — Uegl = [Ueq — Uminl). Figure 2c shows the distribution of the generated
patternsat each parameter in Egs. (1) and (4) with constraint Eg. (5). Now, thereversed spot
patterns, which are very hard to produce by many nonlinear models, appeared in almost all
area of Turing space.

Comparison of three cases in Fig. 2 suggests that the relative position of the
equilibrium u between upper limitation and lower limitation plays a critical role in
determining the patternto form. If the difference between equilibrium u to upper limitation
and that between equilibrium and lower limitation are similar, the stripe patterns will
emerge. If the difference between equilibrium u and upper limitation is larger than the
difference between the equilibrium and lower limitation, spot patterns will emerge. In
contrast, the difference between equilibrium u and lower limitation is larger than that to
upper limitation, the reversed spot patterns will emerge. The result is independent of the
absolute size of the constrain interval, but only depends on the relative position of the
equilibrium between upper and lower limitations. We also examined the effect of d, the
magnitude of diffusion coefficient of inhibitor relative to that of the activator. The size of
the Turing space changed with d, but the patterns generated by the model in the Turing
space was independent of d. See SHoJI et al. (2003b) for details.

3.3. Pattern selection of nonlinear reaction terms

Torelatethe conclusion of the constrained linear kineticswith the behavior of general
nonlinear models, we noted the shape of null-clines of the ordinary differential equations.
Lower and upper limitations of activator level u to be Eqg. (5) can be realized by an
additional termin theright hand side of Eq. (1) which arevery small within theinterval but
becomesvery large near the points of limitation. For example alower limitation“u = uy;,"
can be realized by a factor that is very small in magnitude for u > u,;,, but becomes a
positiveterm with avery large magnitude near u= u,;,. An upper limitation of u< u,,,, can
be realized by a term that is very small in magnitude for u < u,,,, but becomes clearly
negative with a large magnitude near u = u,,,,. We can produce such a constraint by
additional terms, (Up,;/U)*® — (WUne) 0 in du/dt in Eq. (4). Figure 3 illustrates the null-
clinesof thelinear reactionterm (Fig. 3a), and linear termswith additional constrainterms
as discussed above (Fig. 3b).

If wedraw null-clinefor u, f(u, v) =0for themodel with additional termsfor constraint,
it hasasharpincrease near thelower limitation (u= u,;,) and asharp decline near the upper
limitation (U = Up,). This is illustrated clearly by the contrast between Fig. 3b (with
constraint) and Fig. 3a (without constraint). Hence the constraint modifies the shape of
null-cline f(u, v) = 0. Conversely, if a null-cline of a given non-linear model increases
sharply at alow level or if the null-cline decreases sharply at ahigh level, we can guessthat
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Fig. 3. Thenull-clines. (a) Linear kinetics given by Eqg. (4). (b) The null clines of amodified model with linear
reaction terms of Eq. (4) with additional constraint terms, (Up/U)*° — (U/Upz0) *°.

the reaction terms in fact have a property working effectively as the lower and upper
limitations.

The nonlinear dynamics proposed previously for Turing mechanisms may have null-
clinessimilar to the oneswith linear dynamicswith additional termsfor constraint. Wemay
discuss their similarity and difference by examining their null-clines: f(u, v) = 0 and g(u,
v) = 0. Combining this with the result of linear kinetics with constraint—the relative
location of equilibrium to the lower or to the upper limit of the model can make spot, stripe
or reversed stripe. In SHoJl et al. (2003b), we examined the shape of null-clines of non-
linear Turing models and discussed insights obtained on their behavior of pattern selection
from the result of linear kinetics and constraint.

3.4. Frequency distribution of activator level

The effect of constraints to the spatial patterns generated by the model can be
understood more intuitively by examining the distribution of activator level.

The distribution of sampled values of activator level u for a stripe pattern are of M-
shape with two peaks in the highest and the lowest value and with rather low level in the
intermediate value. In contrast, the distribution of sampled u value for a spot pattern is
shifted toward left and atail toward right. In contrast, the distribution of u for areversed
spot pattern has a peak toward right. We generated the distribution of activator level u for
spatial patterns generated by linear and nonlinear models with or without additional
constraints, with many different parameter values. However we always have a clear
correspondence of the spatial pattern (spot, stripe, or reversed stripe) and the shape of
distributions (see SHoJ et al. (2003b) for detail).
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We can quantify the difference between these by athird moment of the distribution of
activator level u. According to the simulations with different reaction terms and different
parameters, the average of uisalmost alwaysvery closeto the equilibrium value. When the
distribution arelean to leftward, the third moment is positive, and when the distribution are
lean to rightward, it is negative. We can clearly classify the patterns by using the third
moment. When thethird moment isclearly positive, the patternsare of spot patterns. When
thethird moment are nearly equal 0, the patternsare stripe patterns. When the third moment
are clearly negative, the patterns are reversed spot patterns. Thisresult holds for different
choice of reaction terms and parameters.

Based on this result, the effect of constraints from above or from below can be
understood intuitively. A two-dimensional Turing pattern determinestherelative position
of the equilibrium point between upper and lower limitations. If the limitation from below
is closer to the equilibrium than the limitation from the above, and if the mean is close to
the equilibrium value, thiswould produce a positive third moment of the distribution of u.
Hence this explains why spot patterns are generated (white spots are scattered over black
region). In contrast if the limitation from above is closer to the equilibrium than that from
the below, a negative third moment of the distribution of uiscreated, resulting in reversed
spot patterns (with black spots scattered over white regions). If the distance between the
limitation from above to the equilibrium and that between the limitation from below to the
equilibriumissimilar in magnitude, wehaveadistribution of activator level uwiththethird
moment close to zero, resulting in patterns with stripes.

DiLLON et al. (1994) analyzed pattern formation of Turing system with several
different boundary conditions (i.e. Neumann boundary condition, Dirichlet boundary
condition, and the boundary condition of the mixture of these two) for one-dimensional
model. MURRAY (1989) also studied the effect of boundary conditions mathematically for
two-dimensional models.

4. Directionality of Stripesin the Fish Skin

In this section, we focus on the directionality of stripes. Most of the stripes observed
on fish skins are either parallel or perpendicular to their anterior-posterior (AP) axis, and
the direction of the stripesis characteristic to each developmental stage and each species,
although the pattern may change as the fish grows. For example, closely related pair of
species in this genus (Genicanthus melanosphilos and Genicanthus watanabei) show
different stripe patterns: G. melanosphilos has stripes perpendicular to AP axis and G.
watanabei has stripes parallel to the anterior-posterior axis (see figure 1 of SHoJl et al.,
2003a). The direction of stripes is considered of importance in the behavioral and
ecological viewpoints—in the case of African cichlid fishes, the vertical stripestend to be
associated with living in rocky substrate or vegetation, whilst the horizontal stripes are
associated with schooling behavior (SEEHAUSEN et al., 1999). On the other hand, we do not
know the developmental mechanisms determining the directionality in fish skin.

4.1. Modeling of anisotropic diffusion
Intwo closely related species (Genicanthus melanospilosand G. watanabein), striped
patternisabsentinthefemal e stage and stripesareformed when thefish changesex tomale.
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The directionarity of the stripes differ between them strikingly. In both species, careful
examination of this process shows that the directionarity of the pattern start all over the
skin, rather than started at alocalized place and spread (seefigure 1 of SHoJI et al., 2003a).
First many black spots appear at random. Then they become elongated, and then fuse with
each other and final form the stripes (SHoJ et al., 2003a). This suggests that the
directionarity of the pattern is created by the anisotropy of skin, rather than forced by the
shape of boundary of the region. We conjecture that the scales are responsible for the
directionarity. Most fish with directional stripeshave body covered by the skin with scales
arranged orderly. On the other hand, the stripes of scale-lessfish, e.g. popper fish, often do
not have clearly directional skin patterns. Even in the fish with directional stripes, scale-
less region of the skin has non-directional patterns, exemplified by Napoleon fish (see
figure 2a of SHou et al., 2003a).

If we see the cross-section of the fish skin along the AP axis, melanophoreswhich are
located beneath the skin epithelia where scales are present. Scales of Genicanthus are
symmetric along thedorsal-ventral (DV) axis, and the anterior region of the scalesisburied
in the dermis of the fish skin (see figure 2c of SHoJI et al., 2003a). We believe that this
conformation might cause directionality in affecting local neighbors, which is expressed
as the anisotropy of diffusion in the Turing model. Then the magnitude of the anisotropy
islikely to be different between the two substances.

To introduce anisotropic diffusion into Turing system, we assumed that the diffusion
coefficient depends on the direction of flux of the substance:

au
ot

= (D, (6,)0u) + ¥ (u,v), and %:dDD(D\,(Q,)Dv)+ (U, v). (6)

The diffusion coefficient of the two substances are

1
\/1— 3, cos(z(eu - ll’u))

1
Jl 5005(29 wv)

D,(6.) = , and D,(6,)= , (79

where 6, and 8, indicate the angle of the gradient vectors of u and v, respectively. These
are written as:

oull

6, arctan% H and 6, = arctanﬁ/

The flux of each substance is proportional to the gradient vector, but the multiplication
coefficient depends on the angle of the vector. Equation (7a) impliesthat the diffusivity of
uisthelargest for 6 =, and its opposite direction 6 = (), + 77, and that it is the smallest
for directions perpendicular to these (8= ¢, + M2 and 8=, + 3772). Similarly, ¢, isthe
direction of the highest diffusivity for v. Inthefollowingwecall ¢, and ¢, asthe“diffusive
direction” of u and v, respectively. §, and J, are the magnitude of anisotropy for u and v,

ov D (7h)
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respectively. These satisfy 0< §,<1and0< J,< 1. A caseof ,=0and §,= 0impliesthe
isotropic diffusion. Thisform of anisotropic diffusion was adopted by KoBAYASHI (1993)
in his study of dendritic crystal formation, but the functional forms of D,(6) and D,(6)
adopted by Kobayashi were different from ours.

4.2. Spatial patterns generated

We calculated the model given by Egs. (6) and (7) numerically. We studied the case
with reaction terms known as “activator-depleted substrated model” which was first
proposed by GIERER and MEINHARDT (1972) and analyzed in detail by SCHNACKENBERG
(1979). Thismodel is more robust in forming striped spatial pattern than other choices of
reaction terms (ERMENTROUT, 1991; LYONS and HARRIOSON, 1992). The reaction terms
are

f(uv)=A-u+u?, and g(uv)=B-u?, (8)

where A and B are positive constants. We chose parameter value as: A = 0.025, B = 1.550,
d = 20.0, y = 10000, which make stripes patterns in Egs. (1) and (8) (DuUFIET and
BOISSONADE, 1992). We also examined different parameter values and different reaction
terms, but the result remained qualitatively the same as far as stripes formed in the final
pattern (SHoJl et al., 2002). The same simulation technique was used except for the time
mesh. When both &, and §, are less than 0.4, time mesh size was 1075, Otherwise the mesh
size was 5 x 10~". These were chosen to satisfy the stability condition for numerical
analysis. Theresultsconcerning thedirectionality of obtained stripe patternswerethe same
for thethreeinitial conditions. To obtain thefinal spatial distribution, weran the model for
asufficiently long time. From agiven spatial distribution of u, we calculated the direction
of stripes using an algorithm explained in appendix A of SHoJl et al. (2002).

Figure 4 shows stripe patterns generated by Egs. (6)—(8) when ¢, = ¢, = 0. The
anisotropic diffusion of u and isotropic diffusion of v produced stripes parallel to the
common diffusive direction (Fig. 4a). In contrast, the anisotropic diffusion of v and
isotropic diffusion of u make stripes perpendicular to the diffusive direction (Fig. 4b).

The direction of stripes to be formed depends critically on the relative magnitude of
anisotropy. When anisotropy of u is stronger than that of v (8, = J,), stripes are formed
parallel to thediffusivedirection, whilst, if anisotropy of vislarger than that of u (9, < 4,),
the stripesareformed perpendicular to thediffusivedirection. Figure 5 showsthe summary
of the direction of stripe patterns obtained by the anisotropic diffusion model. Horizontal
and vertical axesindicate J, and 4, respectively. Each point indicates the direction of the
observed stripe: horizontal (O); vertical (@); or not-determined (x). This phase plane is
separated into adomain in which stripeswere parallel to the diffusive direction (horizontal
stripes) and another domain in which stripes were perpendicular to the diffusive direction
(vertical stripes). In between these two, there is a narrow band in which the direction of
stripes could not be determined by the algorithm (e.g. in Fig. 4c), indicated by the “x”
marksin Fig. 5.

Most of fish species with stripe pattern on their skin have stripes either parallel or
perpendicular to their anterior-posterior axis. Very few species has stripes of random
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Fig. 4. The stripe patterns generated by Egs. (6)—(8). Both substances have the fastest diffusion in the same
direction: ¢, = ¢, = 0. Anisotropy of two substances are: (a) §,=0.2, §,=0.0; (b) §,=0.0, §,=0.2; (c) J,
= g, = 0.1. Other parameters are fixed at: a = 0.025, b = 1.550, d = 20.0, and y= 10000. The anisotropic
diffusion of u makes stripes parallel to the diffusive direction. In contrast, the anisotropic diffusion of v
makes stripes perpendicular to the diffusive direction. When the value of anisotropy are the same between
u and v, the pattern has of stripes but no clear directionarity.

direction. The aboveresult suggeststhat the diffusive direction to make stripesisthe same
between the two substances. First we described two closely related species of fish
(Genicanthusmelanospilosand G. watanabein), which arevery similar in size, morphol ogy
and ecol ogy except that the direction of the stripesthat appear asthey change sex isvertical
in one species and horizontal in the other. If the anisotropy of diffusion of the two
substancesisresponsible for the contrasting difference between these two species, asmall
difference in the magnitude of anisotropy can explain a very large difference in the
direction of stripes on fish skin.

4.3. Search for unstable modes—An heuristic approach

To know thedirection of stripesto be formed by the anisotropic diffusion model (Egs.
(6) and (7)), we developed an heuristic argument (SHoJ et al., 2002). Let (ug, V) be the
equilibrium of the ordinary differential equations given by reaction terms. We consider a
small deviation from the uniform steady state (u, v) = (Ug, V), as follows:

u=uo + Acos(kxx +kyy)dM, and v=v,+ Bcos(kxx - kyy)d}“, (9)

where A and B are small constants. Equation (9) indicates a spatial pattern with stripes
having normal vector equal to (k,, k). If A <0, the mode given by Eq. (9) decreasesinsize.
In contrast, if A > 0, the mode grows exponentially with time. We replace Eqg. (9) in the
linearized dynamics of Egs. (6) and (7) calculated around (u, v) = (ug, V). For any given
(kw« k), we can construct a solution of the form Eq. (9) by choosing A at an appropriate
value. If all thesolutionsof form Eq. (9) haveanegative A, theuniform steady stateisstable
against these modes of deviation with stripes. If instead there are many solutions of the
form given by Eq. (9) with different (k,, k) and A > 0, the mode with the largest positive
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Fig. 5. Summary of the direction of stripe patterns obtained by the anisotropic diffusion model. Horizontal and
vertical axes indicate §, and J,, respectively. Symbols indicate the direction of the observed stripe:
horizontal (O); vertical (®); or not-determined (x). In order to know whether a spatial pattern has stripes
with afixed direction and to quantify the direction in which the stripes are formed, we adopted an index
based on the spatial auto-correlation (explained in SHoJ et al., 2002). The spatial patterns were generated
from Egs. (6)—(8). The direction for the fastest diffusivity was the same between two substances: ), = ¢, = 0.

A isthe onethat grows at fastest rate. We may compare the direction of this most unstable
stripe calculated from linear analysis with the stripe in the final spatial pattern formed by
the nonlinear dynamics Eq. (8). Note that the stripes to be formed are perpendicular to
vector (k,, k), because it is a normal vector.

From Eqg. (9), we can derive 6, = 6, = arctan(k /k,), which implies that the gradient
vectors of both u and v take a fixed direction that is perpendicular to vector (k,, k). In

appendix B of SHoJl et al. (2002), we search for the squared | ength of the vector, \/kf + k)f ,
and the angle of the vector, 6 = arctan(k/k,), which realize an approximately maximum
positive A. Then the length of the vector is related (inversely) to the distance between
adjacent stripes and the angl e corresponds to the (perpendicular) direction of stripesin the
pattern. We can prove that the mode of deviation (k,, k) that achieves an approximately
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Fig. 6. Thediagramillustrating thedirectionality of stripes. A short line passing through an open circleindicates
the direction parallel to the stripesformed in thefinal spatial pattern when anisotropy of the two substances
aregiven by thelocation of thecircle (8, ). Thedirection of stripesis calculated by the algorithmin SHoJl
et al.(2002). The spatial patterns were generated from Egs. (6)—(8). The direction for the fastest diffusivity
was different between two substances: ¢, = 3 and , = 2.

maximum A has angle 6 = arctan(k,/k,) that maximizes the following quantity:

‘q“l— 3, 005(2(9 - (,Uu))

\J‘ 1-9, cos(2(9 - L,UV)) ' (10)

See appendix B of SHoJ et al. (2002) for the argument leading to this result. In the
following we examine the angle that maximizes Eq. (10), denoted by 6 egicted-

When we consider first the case in which the diffusive direction of two substancesis
the same (i.e. Y, = ), we should examine the maximum of n?= (1 - d,w)/(1— d,w), when
—-1<w< 1, by setting w = cos(2(6 — ). By drawing the graph of this function, we can
conclude as following:

If 8,> 4, stripes are formed parallel to the diffusive direction.

If 8, < d,, stripes are formed perpendicular to the diffusive direction.

If 8, = &,, there is no specific direction for stripes.

Thisis consistent with the simulation results (SHoJ et al., 2002).
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4.4. When the diffusive directions differ: ¢, #Z ¢,

In the last section, both substances are assumed to have the highest diffusivity in the
same direction. We may also consider the general casein which the direction of maximum
diffusivity can be different between the two substances.

The same method predicts the direction of stripes to form. When anisotropy is small
for both substances (9, << 1, and §, << 1), by expanding n(6)? with eliminating the higher
order terms, SHOJ et al. (2002) predict that the stripe patterns to be formed should have a
normal vector with the angle given by

0o, sin2y, — §,sin2y,
Eﬁu cos2y, — g, cos2y,

1 m
O edicteq = = arC —. 11
predicted 2 2 ( )

I:IIQEJ

When the most diffusive direction is different (not parallel) between the two substances,
the direction of stripes changes smoothly from the diffusive direction of u to the direction
perpendicular to the diffusive direction of v as the anisotropy of u and v change smoothly.
Figure6illustratesthe direction of thestripesin thefinal spatial pattern when ¢, = 773 and
Y, = 12. The predicted direction is very close to the direction of the stripes observed in
simulation results (see figure 5 of SHoJI et al., 2002, in which we compared the predicted
directions with obtained one in case (), = 73 and (), = 176).

5. Discussion

In this paper, we have reviewed a series of papers on two-dimensional pattern
formation of Turing systems that are motivated by pattern formation of fish skin (SHoJ et
al., 2002, 2003a, 2003b).

First, we discussed the effect of the choice of reaction terms on pattern selection. We
examined the model with linear reaction terms and additional constraint terms which
confinethe variables within afinite range. Wefirst show that in aone-dimensional model,
a periodic stationary pattern can be formed only when activator level is contrained both
from below and from above. The constraint of inhibitor isirrelevant. Inthetwo-dimensional
model, the relative distance of the equilibrium level of activator between the upper and
lower limitations determinesthe pattern sel ection. Patternswith stripesare produced when
theequilibriumisequally distant from the upper and thelower limitations, but patternswith
spots are produced when the equilibrium is clearly closer to one than to the other of two
limitations. We then attempt to explain the pattern selection of nonlinear models based on
the result of linear models with constraints. The distribution of activator level is skewed
positively and negatively for spot patterns and reversed spot patterns, respectively. In
contrast, the skewness of the distribution of activator level was small for striped patterns.
This gives an intuitive explanation of why the location of the equilibrium between
constraints. Wethen interpreted the pattern sel ection of nonlinear Turing model, based on
the insights obtained from the result of Turing model with linear reaction and constrants.

Second, we introduced anisotropic diffusion into diffusion term to explain the skin
pattern of two closely rel ated speciesof fish (Genicanthusmelanospilosand G. watanabein),
which are very similar in size, morphology and ecology except that the direction of the
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stripesthat appear asthey change sex isvertical in one species and horizontal in the other.
If the anisotropy of diffusion of the two substances is responsible for the contrasting
difference between these two species, asmall differenceinthe magnitude of anisotropy can
explain a very large difference in the direction of stripes on fish skin. According to the
discussion in this review, such a discontinuous change in the direction of stripes can be
observed only when the direction of anisotropy of the two substances coincides. If the
diffusive directions of the two substances are different, we should observe a continuous
changeinthedirectionality of stripescaused by smooth changein parameters. Considering
thestrong similarity of thetwo speciesin genus Genicanthus, thetheoretical study suggests
that anisotropy of the two substances expressed in reaction-diffusion model isresponsible
for determining the direction of stripes and that the diffusive direction of the two
substances must be the same.

Turing models give the basic logic in biological pattern formation. They have been
studied mathematically over half acentury sincethe seminal paper was proposed (TURING,
1952). However in most of these studies, the model stays phenomenol ogical because of our
lack of knowledge on the underlying processes of morphogenesis. However the situation
isgoingto changevery soon. Thanksto quick development of molecular biology inthelater
half of the last century, we are going to get detailed molecular basic of pattern formation
and devel opment of organisms. Thiswill giveusagreat opportunity to devel op mathematical
and computational models that consider those newly available information and that are
fully based on the knowledge of mechanistic basis. We predict that Turing models would
still givethebasisof thebiological pattern formation, and theimportance of the Turingidea
will becomes even more clearer as the result of the progress of mathematical study of
biological pattern formation.
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