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Abstract. We introduce a model of spatially distributed populations of organisms that
mate and compete with others in local neighborhoods. Competition for local finite
resources causes Turing instability in population distribution, possibly leading to the
formation of isolated groups. In the presence of disruptive selection against genetic
intermediates, this model also shows dynamically coarsening domains in genetic
distribution. We examine an interplay of these two distinct dynamics, both analytically
and numerically, and show that the domain coarsening processisstrongly affected by the
spatial separation between groups created by the Turing pattern formation process. The
ratio between mating and competition rangesis found to be one of the crucial parameters
to determine the long-term evolution of genetic distribution in the population.

1. Introduction

The dynamics of spontaneous pattern formation, first introduced to biology by
TURING (1952) five decades ago, has recently been attracting attention in many subfields
of biology to describe various general and/or specific phenomena. Besides Turing’ s static
patterns that arise when a homogeneous solution is unstable only for a limited range of
wavelengths, there are other classes of pattern formation whose range of instability is not
bounded, leading to scaling growth of patterns with time. Such dynamic patternsin atwo-
dimensional space have recently been introduced into ecology (LEVIN and SEGEL, 1985;
GANDHI et al., 1998, 1999) and evolutionary genetics (SAYAMA et al., 2000, 2003). M ost
of the results obtained in these kinds of studies can be approximately described with a
single non-conserved order parameter (e.g. type of organisms). They typically result in
several well-known system behavior such as symmetry breaking and domain coarsening,
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or nucleation and growth, depending on fitness assignments and initial conditions.

Here we consider a more general case that includes both static and dynamic pattern
formation processes within a single model framework. The model we present pairs
popul ation distribution and genetic distribution of organisms. The underlying dynamics of
our model correspond to the formation of isolated groups through population distribution
variation and, in the presence of disruptive selection, symmetry breaking and domain
coarsening through genetic distribution variation. We study the regimes in which patterns
form and the characteristic wavelengths of the patterns, using linear stability analysis.
Numerical simulationsconfirm these analytical results, and furthermore, demonstrate how
the domain coarsening behavior interacts with Turing pattern formation. The ratio of the
two key length scalesin the problem, the mating range and the competition range, isfound
to be crucial in the long-term evolution of the patterns.

2. Model

We model a population with local genetic mixing by sexual reproduction and local
competition for finiteresources necessary for reproduction. Werestrict ourselvesto simple
haploid genetics where agenomeis made of two genes, each of whichisoneof two allelic
types (+ and —) and is inherited from one of the two parents participating in sexual
reproduction. Thus there are four possible genotypes, [++], [+-], [-+] and [-—]. Such
organisms are distributed over a two-dimensional discrete regular spatial grid. At each
discretetime step (breeding season), offspring are born and part of the previous population
dies. Reproduction requires comsumption of local resources that are limited per site per
season, sothat it boundsthetotal number of offspring bornthere. Genetic mixing by sexual
reproduction and competition for limited resources take place within local neighborhoods
ranging over several sites, whose size may be different from one another.

The general form of the iterative equation of local populations on each siteis

(Nar(X))y (Mo ()

Ny (X) = Tapnap () + Aab<n(x)>|v| (n(x)} (n(x)} é‘_

where n,,(X) (a, b are either + or —) isthe local population of genotype [ab] at site x, with
the constraint ny, = 0. We also use the following notations:

nsn,,+n,_+n_, +n__ 2)
naD = na+ + na— ’ (3)
nEbEan +n_b. (4)

The prime on the left hand side of Eqg. (1) denotes the value after a unit of time. o,, isthe
survival rate of parents of genotype [ab], and A,, istheir reproductive rate (the number of
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offspring born per parent per season). These rates are bounded so that 0 < 0,, < 1 and A,
> 0. M isthe mating neighborhood, and C isthe competition neighborhood. We assume that
M and C are a set of relative coordinates of sitesin a pseudo-circular region centered at the
site, whose radius is Ry, or R and whose edges are jagged (not a perfect circle) along a
discrete square spatial lattice. k is the carrying capacity per site. Each pair of angled
brackets in the right hand side represent the local average of the given function in the
neighborhood around x, i.e.

—D +I’
e =G e 9

where [N|isthe number of sitesincluded intheneighborhood N. Thetermsinsidethe square
brackets on the right hand side of Eq. (1) describe a logistic growth restriction on the
population at local sites due to the already existing population in their vicinity.

Equation (1) implies that if the limitation on population by competition is ignored,
(1- o) of the population at aparticular sitewill dieand A of the average population within
itslocal mating neighborhood will bebornin each breeding season. The genetic composition
of thenewbornsisdeterminedin Eg. (1) by including the product of two allelic probabilities
observed within the mating neighborhood. For more details of the model we refer to
SAYAMA et al. (2002).

3. Turing Pattern Formation in Population Distribution

If thereisno differencein fitness (reproduction and survival rates) among all the four
genotypes, i.e., gy, = oand A,, = A for all a and b, then summing up both sides of Eqg. (1)
for all genotypes gives

(x) = on(x) + A(n(x)),, [~ {n(x) ] (6)

with the constraint n> 0. Here we measure the popul ationsin units of the carrying capacity
k for simplicity. This is a simplified equation for the population distribution only,
independent of genetic distribution, which we call the flat fitness case. In this case genetic
distribution shows simple random diffusion because no selective force is acting for any
particular genotype (SAYAMA et al., 2002). We thus focus in this section on the dynamics
of population distribution only. Mean field treatment of Eq. (6) gives two stationary
solutions, n=0and n= (g + A —1)/A = n,,.

To investigate the instability of Eq. (6), we consider a two-dimensional oscillatory
perturbation added to ny, with wavevector v for the x-direction and w for the y-direction.
We write the time evolution of perturbation in atwo-dimensional population as

n'(x,y) =no +&u's(x,y) (7)
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with

s(xy) = sin(wx +g)sin(wy + ¢, (8)
where § isasmall amplitude. The mean field sol utions are unstabl e and patternsform when

U is greater than 1. Substituting Eq. (7) into Eq. (6) and keeping only linear (first-order)
terms of &, we obtain

2 (0y) = o 8 fosxy) + (@-o)sbx ), -0 2 Dtk @)

Approximating the averages over M and C using integrals over continuous circular
neighborhoods gives

() = A ), a0

where f = yv? +w? is the magnitude of the two-dimensional wavevector, and J, isthe
Bessel function of the first kind of order n (SAvyAmA et al., 2002). Applying this
approximation to Eq. (9), we obtain

p=0+1-0)A(fRy)-(0+ A -1)A(fR;) (1)
with
Ay =22, )

This function has a conspicuous minimum at u = 5.13562 where A(u) = —0.132279, which
we call uy and z, in what follows.

The condition for instability of the mean field solutionsisthe existence of such values
of u that satisfy

AU/ y)< Alu)-1 (13)

where u = fRy;, Yy = Ry/R, and 0 = (0 + A — 1)/(1 — 0). Here we use the following
approximation: When parameters yand dgradually move from stable regimes, the val ue of
u that first satisfies this inequality should be obtained near the minimum of its left hand
side, at u= yupwhere dA(u/y) = dz,. With thisassumption, the condition for the satisfiability
of the inequality is
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Fig. 1. Phase diagram in the (y, J) plane showing the stability of the mean field solution obtained from the
inequality (14). In the shaded region below the curve, dz;, > A(yug) — 1, which implies that the mean field
solution isstable, while above the curveit isnot. Numerical simulation resultsfor several sample pointsare
embedded in the plot. Each picture embedded represents a snapshot of the evolution of spatial patternstaken
after 500 updates. Initial conditions are randomly generated populations with n = 0.1k (with +0.02k
fluctuations) for each site. The space consists of 128 x 128 sites with periodic boundary conditions. The
brightness at each pixel represents the local population density. ois set to 0.9 for all cases. A isvaried to
obtain different values of 4. The values of (R, R¢) used here are (5, 15) for y=1/3, (5, 10) for y=1/2, (10,
10) for y= 1, (10, 5) for y= 2, and (15, 5) for y= 3.

82y < A o) - 1. (14)

Figure 1 shows the regimes where this condition is, or is not, satisfied in the (y, d) plane.
We see that, as the mating range becomes smaller than the competition range, the mean
field solution can be destabilized, whileif the mating range is greater than the competition
range, the stability of the mean field solution is determined almost solely by 4. Numerical
simulation results are embedded in the same figure for several different yand o, implying
the close correspondence of our analysisto the actual model behavior. The existence of an
instability isseen asthe formation of isolated groups (spotsor stripes) similar to those seen
in Turing instability models (TURING, 1952; MURRAY, 1981; YOUNG, 1984). Local



24 H. SAYAMA et al.

popul ation growth and competition for resourceswithin Cin our model correspondto local
activation and long-range inhibition factors of Turing pattern formation, respectively. We
have calculated in SAYAMA et al. (2002), with the assumption & >> 1, the characteristic
wavelength of the patterns L to be

L= Z’JRC =1.22345R, (15)
0

which coincideswith the numerical resultsshownin Fig. 1. Wehavealso foundinthe same
literature that the genetic diffusion over isolated groups stops when the spatial separation
is wider than the mating range of organisms. The critical ratio of the mating and
competition ranges . (below which groups become genetically decoupled after Turing
pattern formation) is estimated be y, = 0.612 (SAYAMA et al., 2002).

An interesting characteristic of the present model is its sensitivity to the shape of
neighborhoods. The average of afunction f(x) over a neighborhood N can be written by

> f(x +1)Wy(r)
B ZWN(r) ,

T

{(f()y

(26)

whereW,(r) isaweight function. Inthe presented model we adopt “circular” neighborhoods,
i.e. Wy(r) = 1if |r] < Ry and otherwise 0. We havetested other possibilities such as* square”
neighborhoods or “Gaussian” neighborhoods. The square neighborhoods, obtained by re-
defining Wy(r) = 1 if max(|r,J, [ry[) < Ry and otherwise O, give results similar to those with
circular neighborhoods. However, thisis not the case for the Gaussian neighborhoods with

2

W\(r) = e_(‘r‘/RN) . Inthiscase, the mean field solutionis stable against perturbation of any
wavelength in population distribution, because the integral of sin functions with Gaussian
weights, which is a Fourier transform, is again a Gaussian. This cannot be negative in
contrast to the function A(u). Therefore the average of the perturbation at a given point
always has the same sign as the perturbation itself at that point. Even if the perturbationis
very small, the average cannot reverse its sigh and destructive interference cannot happen
in population distribution, therefore spatial separation does not take place.

From abiological point of view, thisresult meansthat i solated groups may or may not
form depending on the organismal territorial behavior. In particular, when the range of
foraging or mating is well defined, groups may form. If they are too smooth, e.g. if
organismsdiffuse in arandom fashion (which resultsin Gaussian neighborhoods), groups
will not form. This prediction could, in principle, be verified experimentally.

4. Introduction of Disruptive Selection

Inthissectionweintroducedisruptive sel ection (sel ection against geneticintermediates)
to the model, by assuming that genotypes [+—] and [—+] arenot viable,i.e. 0,_=0_, = A,_
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= A_, = 0. Disruptive selection arises in various conditions in nature, such as competition
for diverse resources or mutual dependence of multiple phenotypes (THODAY, 1972), and
is viewed as one of the most general and important causes of inhomogeneity generation,
including trait divergence and speciation (KONDRASHOV and KONDRASHOV, 1999;
DIECKMANN and DOEBELI, 1999). Thisadditional assumption reducesthe number of viable
genotypes to two, simplifying analytic treatments.

Inwhat follows, we use g for n,, and hfor n__to make the notation concise. Similarly,
the survival and reproductiveratesfor these types are denoted by gy, Ay, 0y, A, Werestrict
ourselves to symmetric cases only, in which two viable genotypes g and h share the same
survival and reproductiverates, i.e. 0,= 0, = oand A, = A, = A. Finally, we again measure
the populationsin unitsof the carrying capacity k. With these assumptions Eq. (1) becomes

o) =l + o X o)+ ) @)
1(x) =oh(x) + (’)‘(<)h+>;)(>xh;>M [1- (909 + h(x)) ] (19)

withtheconstraintsg=0, h>0. Meanfield treatment of these equationsgivesthefollowing
four stationary solutions (SAYAMA et al., 2002):

« g=h=0 (extinction)

. g:%)\_lsgo, h=0 (dominance by [++])

. g=0, h:%H-EhO (dominance by [- )
«g=h=2% ";j —2 my (coexistence of the two).

Versions of this disruptive selection model have been used to study symmetry
breaking and domain coarsening in spatially distributed populations (SAYAMA et al., 2000)
and stability analysis of polymorphic populations in reproduction-migration dynamics
among semi-isolated demes (DE AGUIAR et al., 2002).

We note that Egs. (17) and (18) can be rewritten in terms of the local population, n =
g + h, and what we call type difference, c=g—-h(-n<c<n),i.e
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) = (), * (L)
() =) + A= [1-(n(x)] (19)
¢/(x) = ae(x) + Ac{x)),, |1~ (n(x) ] (20)

We conduct a linear stability analysis of pattern formation in both population
distribution and type difference for the disruptive selection case. We study the mixed
solution only, because the dynamics of the one-type dominant solutionsisthe same asthat
of the flat fitness case due to their robustness against type difference perturbation, which
can be verified by assuming h << g= g, (or g << h= hg) inthe mean field treatment of Egs.
(17) and (18). Adding atwo-dimensional oscillatory perturbation to the mixed solution, we
write

n'(x,y) =2my +{v's(x.y), (29)

c(x,y) = 0+nv's(x,y), (22)

where { and n are small amplitudes and s(X, y) is the same space-dependent perturbation
(Eq. (8)) asusedinthe previousanalysis. Substituting Egs. (21) and (22) into Egs. (19) and
(20) and keeping only linear terms of ¢ and n, the equations for these two variables
decouple and we obtain

n"Y(x,y) = 2m, +th[as(x, y)+(@-0)(s(x, y)>|v| ~(o+A12-1)(s(x, y)>c], (23)

c*xy) = r]v‘[as(x, y)+2(1-a)(s(x, y)>M]. (24)

Using the approximation in Eq. (10) for the local averages resultsin

W =[o +(1-0)A(fRy) - (0 +A /2 -)AR )¢, (25)
vn =[o +2(1-0)A(Ry )|n, (26)

with eigenvalues
v=0+(1- 0)A(fRy) — (0 + M2 - 1)A(fRy) (27)

for eigenvector (¢, 0), which we call the n-direction, and
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v=0+2(1-0)A(fRy) (28)

for eigenvector (0, n), which we call the c-direction.

Equation (27) issimilarto Eq. (11), sowecan apply theresultsof the previousstability
analysis to the n-direction, by replacing d with & = (g + A/2-1)/(1 - 0). The regime for
patternsto formin population distribution isthus exactly the sasme asshown in Fig. 1if we
view the ordinate as the & axis. The characteristic wavelength L is the same as before.

In terms of the c-direction, however, the eigenvalue v depends only on o, Ry;, and not
on A, R.. Considering [v| > 1 we obtain

A(fR,v')>%, (29)

which numerically gives fRy, < u, = 2.21509. This means that any perturbation in the c-
direction whose wavelength is longer than the critical value

L. = 27R,,/u, = 2.83654R,, (30)

destabilizes the mean field solution. This is the direction of type difference, g = —h,
increasing g while decreasing h, or the reverse. This result implies that all perturbations
with shorter wavelengths than L are filtered out in an initial transient and then each local
site tends to align with its neighbors at the scale L, toward either genotype [++] or [——].

Notethat L. only depends on the mating range and not on the competition range. This
result isintuitive because it corresponds to the relevance of the mating range for genetic
patterns and the competition range for population distribution variation. In the linear
stability analysis, these two effects are found to be independent. However, an interplay
between them arises once nonlinear effects become important. The details of this process
will be discussed in the following.

5. Domain Coarsening in Genetic Distribution

We next consider the dynamics of genetic distribution in the disruptive selection case
and how it is affected by the spatial population structure created by competition. We start
by rewriting the model using the relative probabilities of genotypes. The update equation
of the probability of one genotype can be obtained from Egs. (19) and (20) by defining p,
= g/n = (n + ¢)/(2n) for sites where organisms exist (n > 0), which resultsin

U(x) (R ()

g
t
o +U(x) HPQM (x))2 + (1— pM (x))2

Py(x) = pg(x) +

with
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U(x) = =1 (n(x)) {ry (x)” +(1-RM (x))zg (32)

(33)

Pg'\"(x) isthe probability of genotype[++] observed within M around x. For popul ationsthat
do not exceed the carrying capacity, U(x)/[o + U(x)] isaways positive and thus p, always
approachesthefirst terminthe square brackets. The above equations arefor genotype[++]
but they also apply to genotype [——] due to the symmetry between the types.

The mean field version is

O 2
. U o Pg ]
Pg =Py + 7~ Py
oV gt +-n) g
_ P
=(1-x)pg + X (34)

pg2 +(1— pg)2 '

where x = U/[o + U]. Thisform shows that p, tends to go toward either 0 or 1, depending
on whether its current value is larger or smaller than 1/2. p, = 0 and p, = 1 are the only
possible stable solutions. Thus, any change in the average genetic composition within the
mating neighborhood will not significantly affect the future genetic composition at the
center of the neighborhood, unless the change is great enough to move the average
composition across the value 1/2. Therefore, the change of genetic composition dueto the

0 25 50 100 200 400 800 1600 3200

Fig. 2. Numerical simulation result of pattern formation in genetic distribution in the disruptive selection case.
The space consists of 128 x 128 siteswith periodic boundary conditions. Dark gray represents the existence
of [++] organisms, while light gray represents the existence of [——]. The initial condition is a randomly
generated population with n = 0.1k (with £0.02« fluctuations) for each site. 0=0.9,A=0.7, Ry =5and R
=3,sothat & =2.5and y= 1.66667. This parameter setting falls in the regime where the homogeneous
population distribution is stable (see Fig. 1) and thus no spatial separation occurs. The observed behavior
is symmetry breaking and domain coarsening, which is found in systems with non-conserved order
parameters, such as quenched Ising models.
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influx of different genotypes, or genetic invasion, can occur only if thereis a sufficiently
large bias imposed on the local genetic composition from neighboring areas.

Figure 2 shows a numerical simulation of this process with parameter settings for
which the homogeneous popul ation distribution is stable. Disruptive selection causes each
local region to assume either of the two fittest types, giving rise to symmetry breaking and
formation of patterns of two different genotypes (dark gray and light gray shown in the
figure). Once the patterns form, their subsequent evolution follows well-known domain
coarsening behavior in systemswhere the order parameter isnot conserved (BRAY, 1994),
e.g. quenched Ising models. The boundaries between the two types (called hybrid zones)
move toward the direction determined by their local curvature, which acts as a bias on the
local genetic composition. The characteristic wavelength of the patterns grows as t%/2
(SayaMmA et al., 2000). In general, apopulation of finite sizewill eventually be dominated
by one of the two types. Such coarsening dynamics is consistent with the eigenvalue vin
the c-direction in Eq. (28), describing the instability of the mixed solution to type
difference perturbations. The value of v monotonically increases as the wavelength of the
perturbationsincreases for L > L, indicating that larger scale perturbations become more
apparent over longer times.

6. Domain Coarsening over Turing Patterns

For populations spontaneously structured into spatially isolated groups, the spatial
separation between the groups significantly affects the genetic invasion processes. When
such isolation occurs, the ratio of the mating and competition ranges, y, determines the
possibility of genetic invasion.

We systematically consider this problem by dividing the local population within the
mating neighborhood into two parts: a particular group at the center of the neighborhood,
and the set of other groupsthat are spatially separated from the central group. Each part is
represented by itstotal population. In asense, this characterization corresponds to a mean
field approximation applied to the group-level description of the system. The total
population and the probability of genotype [++] within the focal group are denoted by ng,
and P,*", and similarly, those outside the group by n,, and P,®. We consider how the
genetic composition of the focal group P,*" develops over time, assuming Py, ng, and ne,
as environmental constants. In the context of domain coarsening in type difference, Pgex
can be considered to represent thelocal curvature of boundaries between two typesfor the
groups at or near the boundaries. This enables us to obtain implications for the domain
coarsening behavior from this analysis.

Weassumethat eachisolated groupisgenetically well mixed sothat Pge” isrepresented
by the local probability p, at the center of that group. From Eqg. (31), p, tends to approach
(PgM>Z/[(Pg™)? + (1—P )?]. The quantity P ™, the probability of genotype [++] within the
neighborhood, is written as

ex en

pM = Py N + By Ny

9
Nex + Nen

=FRyd+Ry"(1-d) (35)
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whered = n,,/[ng, + Ng,]. The parameter d istheratio of the subpopul ation outside the focal
group to the total population, within the neighborhood. Applying Eg. (35) to Eg. (31) and
replacing py with P, we obtain a difference equation

ARS = R - PO
] ex enfa _ 4v\2 ]
ToxB (Fra- 20 -0) 5 - Pl (36)
o+U Hped+ P(1-d)) + (1-PEd - (1 -d)) :

To study the possibility of genetic invasion, we consider when stable solutions of
AP = 0 exist for particular P, and d. We solve AP*" = 0 with the restrictions 0 < P™
< land0< P <1, which gives

P = 0, % 1 (37)

for d = 0, or otherwise

O 2Pe”1 Pe” 1/Pe”1 Pe”
en 4 gorPe”:f—
1 2

He (2Pe“ -

g
O
10
O

% %orF’Q'e”—2

which forms a continuous function that is differentiable for 0 < Pge“ < 1 including 1/2.
Figure 3 shows phase diagrams in the (P,*, P,®) plane drawn from these solutions for
different values of d. At d = d,, acritical situation arises where the curve comesin contact
with P =0 and P, = 1. At d = dy, another critical situation is reached where the curve
loses its unstable part. The actual values of d, and d, are analytically calculable, which
resultsin dy = 3—2+/2 = 0.171573 and d, = 1/2.

From Fig. 3 we understand the following:
For d=0:

The environment Pgex has absol utely no effect on the genetic composition of the focal
group.
For 0 <d<dy

A group with P, closeto 1/2 is sensitive to P,*. However, agroup starting at or near
P4®"= 0 or 1 cannot change to the opposite type due to the existence of intermediate stable
solutions. Once an isolated group approaches dominance by either of the two fittest
genotypes, genetic shift from one type to another is not possible regardless of Pge".
For dy<d<d;:
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Fig. 3. Phasediagramsinthe (Pge”, Pgex) plane for different values of d, obtained from Egs. (37) and (38). The
curves represent the solutions of AP ™ = 0. Black parts of the curves are stable and gray parts are unstable.
For d < do, agroup starting at or near P,™' = 0 or 1 remains close to its original state almost regardiess of
Pgex. For dy < d < d;, genetic invasion is possible for sufficiently large (or small) Pgex. For d > d,, genetic
invasion always occurs since the final state of P,*" is determined solely by P, regardiess of its original
state. The actual values of d, and d, can be found analytically to be d, = 3—2+/2 = 0.171573 and d, = 1/2.

Genetic invasion is possible for Py larger (or smaller) than the local maximum (or
minimum) of the curve. Thisindicates that the influx of a different genotype to the group
must be greater than a threshold to cause genetic invasion. In the context of domain
coarsening, boundarieswhoselocal curvature issmaller than the threshold may be frozen,
and in general will not become flat. The maximal curvature that can be kept from
coarsening is determined by the values of P, at its extrema, which is a function of d.
Ford, <d:

P, always converges toward a value determined solely by P, regardless of its
original state, thus genetic invasion always occurs. In the context of domain coarsening,
any small curvature of boundaries can, in principle, give rise to change in genetic
composition in the group at the boundaries, and coarsening continues until all the
boundaries become flat or the entire population becomes dominated by one type.

Thevariabled is ultimately determined by the model parameter y, the ratio of mating
and competition ranges. For large y, the mating neighborhood extends over more groups,
which increases d as well. Although the exact value of d is hard to obtain, we estimate it
by using the assumptions that (1) groups are arranged on a regular hexagonal grid (Fig.
4(a)) as seen in the numerical simulations, and that (2) the population distribution within
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Fig. 4. (&) Illustration of the idealized group distribution assumed to compute d as afunction of y= Ry/R.. The
isolated groups are assumed to be arranged on aregular hexagonal |attice with basis vectors of length L and
group diameter L/2. The population distribution is assumed to be flat within a group and thus the total
population of aregion is proportional to the populated area. n, is the area of the central white circle (ng, =
1(L/4)?), while n, is the total area of the gray regions. (b) A plot of n,, as afunction of Ry,, drawn based
on analytical calculation using the assumptionsin (a). (c) A plot of d as afunction of Ry, drawn from (b).
Two critical pointsd =dy=3-2 V2 andd= d, = 1/2 are shown with the corresponding R, values R, and
R;.

agroupisuniform. With these assumptions, n, isthecircular areashown by white, and n,,
isthe area shown by gray, in the figure. ng, = (L/4)? for R, > L/4. The algebraic solution
gives n.(Ry) plotted in Fig. 4(b), and d(R,;) plotted in Fig. 4(c). The critical values of Ry,
such that d = d, = 3—2+/2 and d = d; = /2, which we call R, and R;, are also shown.
Numerically we obtain

Ry = 0.791234L = 0.968R. = YR, (39)
R, = 0.869629L = 1.06R. = y;Rc, (40)

wherethe coefficients before R are the corresponding values of y, whichwecall y, and y;.
Finally, we note that y, computed in the flat fitness case still applies to the disruptive
selection case with no modification. The analysis discussed here applies to spot patterns.
A similar analysis may be done for the stripe patterns that occur for small o (see Fig. 1).

Using the above results, the following scenario describes the role of yin the genetic
invasion processes in the disruptive selection case:



Domain Coarsening over Turing Patterns 33

Tiine

k|

10K}

20N}

bl

NEAK)

LK)

=

=
=
.
=
x=
=
-
-
=
-:'
-
=
=
[

w
L5 i 4]

¥

Fig. 5. Numerical simulations of pattern formation in both population distribution and type difference for
several different values of yin the disruptive selection case. The space consists of 128 x 128 sites with
periodic boundary conditions. Red represents the existence of [++] organisms, green represents the
existence of [-—], and black represents empty (or nearly empty) regions. c=0.9and A =3.0so that & =
14. R isfixed to 10, while R, is varied to obtain different values of y. Theinitial condition is arandomly
generated population with n = 0.1k (with £0.02k fluctuations) for each site. The same initial condpitionis
used for all casesto clarify the difference of behaviorsfor different y. For y< y, = 0.612, complete genetic
decoupling occurs once groups are fully isolated from each other. For y, < y < y, = 0.968, groups are
effectively decoupled once they approach dominance by one of the two types (after about 200 updates). In
contrast, for y> y; = 1.06, coarsening continues after the i solation of groups, leading to eventual dominance
of the whole population by one type. Between these regimes (y, < y< y;) thereis adistinct behavior where
coarsening continues after the isolation of groups but stopswhen thelocal curvature of boundaries becomes
below athreshold.
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Fig. 6. Numerical simulations of pattern formation in type difference where disruptive selection isinduced in
apopulationwhichisalready structuredintoisolated groups. AsinFig. 5, red, green and black indicate [++],
[—-] and empty regions, respectively. Y ellow represents a mixed population of all the possible genotypes.
R is fixed to 10, while Ry, is varied to obtain different values of y. The conditions shown at time O are
generated through 500 updates with o= 0.9 and A = 1.5 for all four genotypes (i.e. no disruptive selection)
starting from the sameinitial population asused in Fig. 5. At time O the four possible genotypes all co-exist
inyellow groups. Then g,_, g_,, A,_and A_, areall set to zero to cause disruptive selection, while A, , and
A__areincreased to 3.0 to make & after the introduction of disruptive selection equal to o before the
introduction of disruptive selection. Thebehavioral difference between cases y< y, and y> y; appearsearlier
than the corresponding cases in Fig. 5, while the final outcomes are similar to those in Fig. 5.
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For y < y. (complete decoupling):

Once spatial separation of groupstakes place, organismsin one group are genetically
decoupled from the rest of the population and each group’s genetic composition evolves
independently. This corresponds to the case where d = 0.

For y. < y <y, (incomplete decoupling):

Some inter-group influence occurs, however, effective genetic decoupling between
the groups occurs as soon as each of them becomes dominated by either of the two fittest
types. A change from one dominant type to another is not possible.

For y, < y< y; (incomplete coarsening):

Coarsening occurs to some extent, but boundaries with curvatures below athreshold
remain.

For y; < y(complete coarsening):

Genetic invasion always occurs and coarsening continues until all boundaries are flat
or one type dominates the entire population.

These results are confirmed in Fig. 5, which presents numerical simulations in the
disruptive selection case with several different values of y, starting with the initial
conditionsthat arerandomly created with small fluctuationsin both popul ation distribution
and genetic distribution. The effects of spatial separation on the domain coarsening
behavior in type difference are seen to vary for different y. For y < y,, genetic decoupling
actually occurs and thus coarsening stops after groups become fully isolated from each
other (after about 200 updates), while for y > y;, coarsening continues even after the
isolation of groups and the whole population is eventually dominated by one type as
predicted. Although this particular example does not clearly show how boundaries behave
for y, < y< y;, wecan nonethel ess observe adistinct behavior in other simulation runswhere
coarsening continues after the isolation of groups but eventually stops in a somewhat
frustrated shape. Figure 6 shows another example, where isolated groups are already
formed when disruptive selection events are induced. In this case, the difference between
the cases y< y, and y> y; appears earlier due to the pre-existence of the spatial separation.
The final outcomes are similar to those in Fig. 5.

7. Conclusion

We have presented a theoretical analysis of evolutionary processes that involve
organism distribution, genetic distribution, and their interaction, for spatially distributed
populationswith local mating and competition. Analysesand numerical simulationsreveal
that the typical dynamics of population distribution variation is the formation of isolated
groups (spots or stripes). This process depends on several parameters, including the
reproduction rateand the survival rate of organismsand theratio of mating and competition
ranges. We have also found that the population distribution dynamics are sensitive to the
shape of neighborhoods adopted. With well-defined competition neighborhoods groups
may form, while with Gaussian neighborhoods they do not. This result implies that the
spontaneously formed spatial population structure depends on the organismal behavior in
marking their territories.

Then we have examined the dynamics of genetic distribution in the presence of
disruptive selection against genetic intermediates. This resultsin symmetry breaking and
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domain coarsening in type difference. The genetic invasion processes may take place
despite the spatial separation generated by competition. The ratio of the mating and
competition rangesplaysacrucial rolein thedynamics. Our analysispredictsthat thereare
three distinct critical values of y, at which the behavior changes from complete decoupling
to incompl ete decoupling to incompl ete coarsening to complete coarsening. In particular,
in the incompl ete coarsening regime where y= 1 (Ry = R.), the coarsening of boundaries
between different types may remain in afrustrated shape. These results are confirmed by
numerical simulations. They may be verified by experimental observations in both
gualitative and quantitative ways.

There are a number of possible future extensions of the present model. We have
considered more complex genetics with multiple loci and/or multiple alleles (SAYAMA et
al., 2003). Another issuerelevant to biological concernsisextending thefitnessassignment
to a more general form. A small asymmetry between fittest types or small viability of
geneticintermediatesmay alter the model dynamics. Boundary shapesand behaviorscould
couple to fitness variation. Our discussions may also be used as an analog of some self-
organization processes in physics that involve two or more order parameters, such as
clustering and magnetization of aggregates of mobile spins on atwo-dimensional surface,
or pattern formation of chemical substrates in a reaction-diffusion system that involves
multiple distinct reaction processes.
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program. M. A. M. de Aguiar acknowledges financial support from the Brazilian agencies FAPESP
and CNPg.
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