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In general, it is difficult to visualize 4-D mathematical data with interdependence among variables in 3-D
space that we are able to perceive. In our previous work, we developed an embodied 4-D space display system for
observing various 4-D objects; the system can intuitively overview and understand the shapes of 4-D objects from
various 4-D positions and directions in 4-D space. The system enables us to create any 4-D mathematical data
without omitting any properties. Using the system, we can obtain various mapping structures of 4-D mathematical
data such as complex functions and functions with three variables, and easily discover characteristics such as the
singular point of the complex function and the extremal value of the 3-D scalar function. It is expected that our
approach will be useful for the development of perception of 4-D mathematical data.
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1. Introduction as the singular point of a complex function and the extremal
We draw diagrams of space information and measukedue of a 3-D scalar function. First, related work and our
ment results within a 2-D plane or 3-D space. In primary egrevious work are introduced in Sec. 2. In Sec. 3, we de-
ucation, functions and geometry are treated as 2-D data sxibe how to visualize 4-D data, and explain the outline of
ing graph paper; 4-D data such as solid geometry, compieteractions in 4-D space. Our system makes it easy to ob-
mathematics, and extreme value analysis are taught atsbeve 4-D mathematical data. In Sec. 4, we demonstrate
advanced level. Generally, when we represent 4-D matkeme 4-D mathematical data for achieving a new under-
matical data in 3-D space, one dimension of the 4-D spastanding of unusual 3-D perception. Finally, conclusions
must be degenerated. In order to understand an overvaew given in Sec. 5.
image of the interdependence among variables, it is desir-
;’;:]b:ﬁ;?hreigtirgztggmgtmal data to be visualized inclusive /' Related Work and Our Previous Work

In our previous work, we developed 4-D space OlisplayConv_entmr;_z;l 4fTD V|suaI|zaft|ons arr]e divided |r_1to thre_:e
system; this system corresponds to a telescope or a mi&%t-(e?m'isb q e ';St Oni per or:nsdt_ e persp?cfnve projec-
scope to help understand 4-D information. We can obsef(! for 4-D data from the single direction of four axes

various 4-D objects from an arbitrary 4-D eye-point an@ewdney,h 1986; ngsmann arlug Seide!, 1994, Han;on,
direction, while moving freely in 4-D space. Our syster?]ggs)' T € Second one visualizes various 3fD projec-
on drawings of 4-D data from different eye-points in 4-

deals with a 4-D Euclidean space with four axes ortho ; ki and Ishih - Hollasch
onal to each other. For 4-D data representation, the s sSpace (Miyazaki and Ishihara, 1989; Hollasch, 1991).

tem has a framework with geometric and topological i n the former case,.the 4-D eye-pomt. IS f|xed.- I.n the lat-
formation that can visualize arbitrary 4-D data (Sakai arﬁf case, changes in the 4-D eye-pomt are I|m|teq. The
Hashimoto, 2004). We previously reported visualizatio ird one shges the 4-D data W.'th a hyperplane in 4-D
such as 4-D solids (regular polytopes) and 3-D time-serfddc® (\_Noo_drlngt al_., 2003). In this approach, hyperplane
data and showed the extensive effectiveness of the Sysgeqﬂeratmn IS not d|r§ctly as;umeq in 4-D space. There
(Sakai and Hashimoto, 2006, 2007a, 2007b). We can p%g a few repprts on .|nteract|ons with 4-D pbjects. In.ex-
vide an interactive environment so that educators and scilind interactive environments, keyboard input or a joy-

tists who deal with 4-D data can observe and construct 43EFK allssomate.d with human actions a’lre often used for ge-
spaces easily. ometric operations of a 4-D object (D’Zmuehal., 2000;

In this paper, following on from our previous work, WéAguiIera, 2006); this enable the user to experience the rota-

handle and visualize various 4-D mathematical data in #@" of 8 4-D ?bJeCt in 4-D space. However, in these meth-
developed system. We create 4-D mathematical data sQ€fi: (e user’s 4-D viewing position is fixed and the user is
as complex functions and functions with three variabld®t allowed to move around the 4-D object in 4-D space.

We will be able to discover geometric characteristics sucPWe constructed an intuitive and mterac_:tlve 4-D space dis-
play system that made human actions in 3-D space corre-
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Fig. 1. Visualization model of 4-D space.

spond to movements of the eye-point in 4-D space. The sys-
tem consists of aglasses-free 3-D display, aflight-controller
pad, and a personal computer. For 4-D data representa-
tion, the system has a framework with geometric and topo-
logical information that can visualize arbitrary 4-D data
(Sakai and Hashimoto, 2004). Using the system, we can
smoothly observe any 4-D information from various 4-D
positions, directions, and distances (Sakai and Hashimoto,
2006). Moreover, our 4-D visualization model can repre-
sent various projections, not only the perspective projection,
but also the parallel projection and slice operation (Sakai
and Hashimoto, 2007a). Using the system toits full extent,
we performed various visualizations of 4-D spatio-temporal
information to develop a novel understanding of moving 3-
D objectsin 4-D space-time (Sakai and Hashimoto, 2007b).
By conducting evaluation experiments, we showed the ef-
fectiveness of the system and obtained an understanding of
various 4-D data. Most users realized how the user inter-
face works without a detailed explanation, and intuitively
achieved some new insights from observationa results in
4-D space.

Although some attempts at 4-D visualization and 4-D in-
teraction have been reported, our system differsin the gen-
eraity of the 4-D dataprocessing and in having auser inter-
face that allows real-time 4-D space travel. The embodied
4-D space display system corresponds to a telescope or a
microscope for observing and understanding arbitrary 4-D
data. Following on from our previous work, this paper dis-
cusses the visualization of 4-D information in general using
the devel oped system.

3. Interactive4-D Space Display System for Intu-
itive Usability

Using our system, we can freely walk in 4-D space
and overview 4-D data with an arbitrary 4-D viewing-field
(Sakai and Hashimoto, 2006, 2007a). In this section, we
outline a visualization algorithm for 4-D data, and explain
the interaction method in 4-D space.

As shown in Fig. 1, 4-D data are displayed on a 3-D

screen to steer the visual axisin various directions from the
eye-point (the look-from point) pr (Xp,, Yp; Zps, Wp,) 10
the observed point (thelook-at point) Pa (Xp,, Ypa» Zpas Wpa)
in the 4-D world-coordinate system X, Y,,Z,w,,.- The cen-
ter of the 3-D screen and the center of the background hy-
perplane are located on the 4-D visual axis at distances h
and f (> h) from the 4-D eye-point, respectively. The vol-
ume of the 3-D screenis 2k x 2k x 2k. The 4-D viewing-
field is defined as atruncated pyramid that is formed by the
4-D eye-point, the 3-D screen, and the background hyper-
plane. The 4-D visualization algorithm is composed of a
viewing-field transformation, a perspective transformation,
a display transformation, and a clipping operation in 4-D
space. This framework enables one to observe a variety of
4-D information from an arbitrary 4-D eye-point and visual
axis. Furthermore, this 4-D visualization model can rep-
resent various projections, not only the perspective projec-
tion, but also the parallel projection and the slice operation,
by controlling the 4-D viewing-field. The parallel projec-
tion is performed by locating the 4-D eye-point extremely
far from the 3-D screen. This operation approximates the
size of the background hyperplane to that of the 3-D screen.
Slice operation is realized by locating the 3-D screen near
the background hyperplane. In a similar fashion to that in
3-D space, we can observe various 3-D projection drawings
of a4-D object from an arbitrary 4-D eye-point and visual
axis, while changing the form of the 4-D viewing-field to
understand the 4-D space.

We had some difficulties moving around in 4-D space
to interact with 4-D data because actions in 3-D space are
not directly related to movements in 4-D space. In order
to overcome such difficulties, we developed a 4-D move-
ment algorithm that makes human actions in 3-D space
correspond to movements and rotations on a 4-D spherical
surface (see Fig. 2). For example, as shown in Fig. 2(a),
movements on paths ab and bc along the 3-D spherical sur-
face correspond to rotations ab and bc at a point on the
4-D spherical surface, and thus coincide with changes in
the movement direction on the 4-D spherical surface (see
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(a) Movements of the 3-D person in 3-D space
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(b) Rotations and movements of the 4-D person on a4-D spherical surface

Fig. 2. Relations between actionsin 3-D space and actions on a 4-D spherical surface.

Fig. 2(b)); the movement of path cd in the upper direc-
tion in 3-D space, as shown in Fig. 2(a), corresponds to
movement on path cd along the 4-D spherical surface (see
Fig. 2(b)). This method can perform various 4-D actions,
not only the above-mentioned eye-point changes on the 4-D
spherical surface, but also visual axis changesin 4-D space
and movements in the direction of the 4-D object from the
4-D eye-point.

As shown in Fig. 3, we constructed a real-time environ-
ment using intuitive interfaces such as a glasses-free 3-D
display and a controller pad like a flight simulator. This
environment made human actions in 3-D space correspond
to movements of the eye-point in 4-D space. Using the
system, we can smoothly observe any 4-D data from the
desired positions, directions, and distances in 4-D space,
thereby extending the experiences of 3-D space. For ex-
ample, the steering actions of the flight-controller pad are
associated with movements on the 3-D spherical surface. In
these actions, we can overview a 3-D projection drawing
of a4-D object on the 3-D screen, while rotating at a posi-
tion on the 4-D spherical surface. The right button on the
handle is associated with the movement in the 3-D upper

direction in 3-D space. We can observe various 3-D pro-
jection drawings of a 4-D object, while moving along the
4-D spherical surface. We can perceive the motion bounded
on the 4-D spherical surface through the motion in the up-
per direction in 3-D space. Using the flight-controller pad,
we can perform various 4-D actions, not only the above-
mentioned eye-point changes on the 4-D spherical surface,
but also visual axis changesin 4-D space and movements
in the direction of the 4-D object from the 4-D eye-point.
By repeatedly training the system’s handling, we will grad-
ualy acquire information about positionsin 4-D space and
aknowledge of 4-D information through interactionsin 4-D
space.

4. Visualizations of 4-D Mathematical Data

With the interactive system mentioned above, we can
smoothly observe any 4-D mathematical data from the de-
sired positions, directions, and distances in 4-D space. In
this section, using our interactive environment, we visual-
ize 4-D mathematical data, such as complex functions and
functions with three variables, in 4-D space. We attempt to
acquire knowledge from interactions with 4-D mathemati-
cal data.
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Fig. 3. Interactive 4-D space display system.

4.1 Parametersused for 4-D visualizations

Asdescribed in Sec. 3, the parameters ps, pa, k, h, and f
are the eye-point (the look-from point), the observed point
(the look-at point), the scale of the 3-D screen, the distance
from the eye-point to the 3-D screen, and the distance from
the eye-point to the background hyperplane, respectively
(see Fig. 1). The developed system can perform various
representations such as perspective projection, parallel pro-
jection, and dlice operations by controlling the parameters.
Parallel projection is performed by locating the eye-point
extremely far from the 3-D screen. The scale of the back-
ground hyperplane approximately correspondsto that of the
3-D screen. The dlice operation is realized by locating the
3-D screen near the background hyperplane. The distance
from the eye-point to the background hyperplane becomes
approximately congruent with that from the eye-point to the
3-D screen. With the parameter changes mentioned above,
we can freely overview 4-D mathematical datawith an arbi-
trary 4-D viewing-field. In the following, we report obser-
vational results of various complex functions and functions
with three variables.
4.2 Visualizations of complex functions

The complex function f(Z) expresses a mapping from
a complex plane (x, y) to another complex plane (z, w).
The input complex variables Z = x + iy correspond to
(X, y), and the output complex variables f (Z) = z(x, y) +
iw(X,y) correspond to (z, w). The complex function has
a relationship between two inputs and two outputs, and is
defined as 4-D information (X, y, z(X, y), w(X, ¥)). Here,
theinput complex plane (x, y) isassumed to bein the range
— < X, Y < +m. We alter the color of the input complex
plane (x, y) from blue to yellow in the direction of the y,,-
axis from positive to negative. The parameters ps¢, pa, Kk, h,
and f used for 4-D visualization are given at the bottom of

each 3-D image in the following figures.

Figure 4 shows complex functions from various 4-D eye-
points by perspective projection. In our system, as the
input complex plane is transformed to various shapes by
a complex function, we can observe mapping structures
of various complex functions in 4-D space. As shown in
Figs. 4(a), (b), and (c), we observe the complex functions
from eye-points on the w,,-axis in 4-D space. By walking
freely in 4-D space, we can perceive the singular point
of the complex function, the mapping from a plane to a
circle, and the imaginary region of the cubic function (see
Figs. 4(d), (e), and (f)). By regarding a complex function as
a 4-D object, we can have visual contact with the original
shapesto agreat extent, and easily understand the geometric
structures and characteristics of complex functions.

Figure 5 shows the local structures of complex func-
tions from adjacent 4-D eye-points by perspective projec-
tion. When the 4-D eye-point approaches the target of a
complex function, we can al so search and discover thelocal
structure of the complex function. As shown in Figs. 5(a)
and (b), we can observe various 3-D images of complex
functions, not only regions near real and imaginary roots,
but also chaotic regions (non-convergence regions produced
by the Newton method). As shown in Fig. 5(c), we can fo-
cusaround the singular point only. By using theinteractions
to freely change the 4-D eye-point, the system helps users
to intuitively understand the local characteristics of com-
plex functions.

Parallel projection is performed by locating the 4-D eye-
point extremely far from the 3-D screen. Asone dimension
of the 4-D data is degenerated in this operation, we can ob-
servethelocal areaof the complex function. Figure 6 shows
mapping structures of complex functions from different 4-
D eye-points by parallel projection. Asshown in Figs. 6(a),
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f(2)=€

f(2)=2°

f(2)=1z
& pr (0, 0,0, 4), (b) pt (O, 0, O, 10), (©) p: (0, 0, 0, 30),
pa (01 01 01 0)1 pa (Or Or Or O)r pa (01 01 01 0)1

k0.5,h0.5,f200

k0.5, h0.5, 200

k0.5, h0.5, 200

f(2)=1/Z f(Z)=€# f(2)=2°
(d) pr (4, 4,0,0), (e) pr (20, 20, 0, 0), () pr (50, 50, 0, 0),
pa (01 01 01 0)1 pa (01 01 01 O)v pa (07 0! 01 0)7

k0.5,h 0.5, f 200

k0.5, h 0.5, f 200

k0.5, h 0.5, f 200

Fig. 4. Mapping structures of complex functions by perspective projection.

f(2)=7%-1 f(2)=7?+1 f(2)=1/2
@ p: (0,0, 0, 1.5), () p (0, 0, 0, 1.5), © pt (0,0, 0, 1.5),
pa (O! O! O! O)! pa (01 01 01 0)1 pa (01 01 01 0)1
k0.5, h 0.5, f 200 k 0.5, h 0.5, f 200 k0.5, h 0.5, f 200

Fig. 5. Local structures of complex functions by perspective projection.

(b), and (c), the input complex plane and the real part of
the output complex plane are displayed on the 3-D screen.
Figures 6(d), (e), and (f) show the input complex plane and
the imaginary part of the output complex plane. This rep-
resentation in 3-D spaceis useful for building up organized
knowledge from 4-D data.

A dlice operation is realized by locating the 3-D screen
near the background hyperplane. Figure 7 shows mapping
structures and roots of complex functions clipped by adice
operation. In this representation, the section becomesa 1-D
line. When we observe the complex function from the 4-D
eye-paint on the w,,-axis in the 4-D space by a dlice oper-
ation, we can see the original real function, including the
imaginary part, on the 3-D screen (see Figs. 7(a), (b), and
(c)). Although the real and imaginary parts of an arbitrary

equation are not generally represented in 2-D space, we can
have visual contact with the real and imaginary parts of an
arbitrary equation in the system at the same time. Asin-
dicated by the white circles in Figs. 7(d), (e), and (f), by
focusing on the input complex plane, we can have perfect
visual contact with not only the real and imaginary roots,
but also the conjugate roots, without using numerical math-
ematics such as quadratic formulas and Newton methods.
4.3 Visualizations of functionswith three variables

If there are scalar values in a 3-D space, the 3-D
scalar function f(G) is defined as the relationship be-
tween the three inputs G = (X, Y, ) and the one output
f(G) = w(Xx, Yy, 2). For example, the 3-D Gaussian func-
tion f(G) = w(X,y,2) = exp{—(X*> + y?> + 7%} isa3-
D scalar potential, and corresponds to the 4-D information
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f(2)=2* f(Z)=cosZ f(2)=¢%

(& pr (0, O, 0, 1000), (b) pr (O, O, O, 1000), (©) pr (0, O, 0, 1000),
pa (0, 0, 0, 0), pa (O‘ O‘ O‘ O)‘ pa (Or Or Or 0)1
k 0.5, h 100, f 3000 k 0.5, h 100, f 3000 k 0.5, h 100, f 3000

f(2)=22 f(Z)=coszZ f(2)=e?
(d) pr (0, 0, 1000, 0), (e) pr (0, 0, 1000, 0), (f) pr (0, 0, 1000, 0),
pa (01 01 01 0)1 pa (01 01 01 0)1 pa (01 01 01 0)1
k 0.5, h 100, f 3000 k 0.5, h 100, f 3000 k 0.5, h 100, f 3000

Fig. 6. Mapping structures of complex functions by parallel projection.

f(2)=1z f(2)=22 f(Z)=coszZ
(@ pr (0, 0,0, 1.5), (b) p¢ (0, 0, 0, 1.5), © pr (0, 0, 0, 1.5),
pa (O, O, O, O), pa (0, 0! 0! 0), pa (Or Or Or O)v
k4,h15,f151 k4,h15,f151 k4,h15,f151

f(2)=2%1 f(2)=2%+1 f(2)=2%i
(d) pr (0,0, 1, 1), () pr (0,01, 1), (0,0, 1,1),
pa (01 01 01 0)1 pa (O! O! O! O)! pa (O, O, O, O),
k3,h141,f145 k3,h141,f17 k3,h141,1145

Fig. 7. Mapping structures and the roots of complex functions by slice operations.
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3-D Gaussian function

(a) Pr (_41 Or Or O)r (b) Pr (Ov _41 O, O), (C) pf(01 O! '41 0)1
pa (01 01 01 0)1 pa (Ov Ov Ov O)v pa (Or Or Or O)!
k0.5, h 0.5, f 200 k0.5, h 0.5, f 200 k0.5, h 0.5, f 200

3-D Gaussian function with some peaks

(d) pf (_41 Or Or 0)1 (e) pf (Or _41 Or O)r (f) pf (01 01 '41 0):
pa (01 01 01 0)1 pa (01 01 01 0)1 pa (01 01 01 0)1
k 0.5, h 0.5, f 200 k0.5, h 0.5, f 200 k 0.5, h 0.5, f 200

Fig. 8. Mapping structures of 3-D Gaussians by perspective projection.

3-D Gaussian function

@ pr(0,0,0, 1), (b) pr (0, 0,0, 1.3), © pr(0, 0,0, 1.6),
pa (O! O! O! O)! pa (01 01 01 O)! pa (01 01 01 0)1
k1,h0.6,f0.8 k1,h06,f0.8 k1,h0.6,f0.8

3-D Gaussian function with some peaks

(d) pr(0,0,0,1), (©) pr (0, 0,0, 1.3), (f) pr (0, 0, 0, 1.6),
pa (O! O! O! O)! pa (O! O! O! O)! pa (01 01 01 0)1
k4,h0.6,10.8 k4,h0.6,f0.8 k4,h0.6,f0.8

Fig. 9. Extremal values of 3-D Gaussian functions clipped by a slice operation.
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(X, ¥,z, w(X, Y, 2)). Here, the range of the input variables
(X,Y,2) isassumedtobe -7 < X,y,z < 7. The 3-D
Gaussian function is visualized by changing the color, de-
pending on the values of the x,,-, y,-, and z,-axes. The
parameters ps, Pa, K, h, and f used for 4-D visualization
are given at the bottom of each 3-D image in the following
figures.

Figure 8 shows 3-D Gaussian functions seen from the 4-
D eye-point on the x,-, Vy,-, and z,-axes. Aswe do in
viewing a contour map, we can understand the relation be-
tween 2-D space and scalar values (see Figs. 8(a), (b), and
(c)). The maximum point can be found easily by alteration
of the eye-point in 4-D space. Therelief of the surface cor-
responds to the coordinates of the w,-axis. As shown in
Figs. 8(d), (e), and (f), we can easily discover the number
of maximum points. The relationship among several max-
imum pointsis visualized at various positions and areas on
the 3-D screen.

Figure 9 shows the 3-D Gaussian functions clipped by a
dlice operation. When moving in the positive direction of
the w,,-axis, we can take awide view of the changing area
of the maximum points. In this case, the section becomes
a 2-D surface. This surface corresponds to the isosurface.
Asshownin Figs. 9(a), (b), and (c), the maximum point can
be found spherically in the center of the section on the 3-D
screen. Asshown in Figs. 9(d), (e), and (f), some maximum
points are visualized in some positions of the section on the
3-D screen. We can observe the same level part of some
peaks. By using the dice operation, we can have visual
contact with the various critical points of the 3-D Gaussian
functions such as the maximum point, the saddle point, and
the minimum point, asthey topologically change on the 3-D
screen.

As mentioned above, the developed system can compre-
hensively deal with 4-D data (x, y, z, w(X, Y, 2)), includ-
ing both the position in 3-D space and the scalar value. In
genera volume-rendering techniques, although some scalar
values are searching and the isosurface is rendered, the sys-
tem can visualize the isosurface on the 3-D screen by asin-
gle sice operation. We therefore do not need to implement
the visualization algorithm for isosurface generation. Un-
like conventional isosurfacing techniques, the system pro-
vides a unified framework that enables various 4-D visual-
izations, not only isosurfaces by dice operations, but also
global images by perspective projection and local images
by parallel projection.

5. Conclusions

We performed various visualizations of 4-D mathemati-
cal data to develop an understanding of complex functions
and functions with three variables in 4-D space. In our en-
vironment, we were able to observe 4-D mathematical data
flexibly from an arbitrary 4-D position and direction by con-
trolling the 4-D viewing-field. We therefore had visual con-
tact with not only mapping structures and roots of complex
functions but al so the isosurfaces of 3-D Gaussian functions
that cannot generally be seen in 3-D space. It is expected
that our approach will be useful for developing perceptions
of 4-D mathematical data.
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